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Theresienstraße 39, D-8000 München 2 - West Germany 
We s h a l l d e s c r i b e a f o r m a l s y s t e m Τ w h i c h i s w e l l s u i t ­
ed t o f o r m a l i z e m a t h e m a t i c a l p r o o f s and, i n p a r t i c u l a r , t o make 
e x p l i c i t t h e a l g o r i t h m i c c o n t e n t o f such p r o o f s . 
F o r m u l a s a r e a l l o w e d t o c o n t a i n , i n a d d i t i o n t o t h e c l a s ­
s i c a l l o g i c a l o p e r a t o r s , t h e c o n s t r u c t i v e e x i s t e n t i a l q u a n t i f i e r 
d e n o t e d b y 3* ; v* w i l l be d e f i n e d b y 
Α ν* Β :s 3*x[ ( s g ( x ) = 0-> Α) Λ ( s g ( x ) = 1 -»B) ] . 
L o o k i n g a t f o r m u l a s l i k e (3*xA -> 3*yB) -> 3*zC makes i t c l e a r t h a t 
o u r s y s t e m Τ w i l l have t o d e a l w i t h f u n c t i o n a l s o f f i n i t e t y p e s . 
S i n c e we w a n t t o a l l o w d e f i n i t i o n s b y ( p r i m i t i v e ) r e c u r s i o n and 
p r o o f s b y i n d u c t i o n , we have t o work w i t h t h e p r i m i t i v e r e c u r s i v e 
f u n c t i o n a l s f r o m [Gödel 1 9 5 8 ] . 
I n Τ we s h a l l d e r i v e n o t o n l y f o r m u l a s b u t f o r m u l a s A 
t o g e t h e r w i t h t e r m s r ^ , . . . , r n =: r r e a l i z i n g them i n t h e sense 
o f [ K r e i s e l 1 9 5 9 ] . Such r e a l i z i n g t e r m s d e n o t e p r i m i t i v e r e c u r ­
s i v e f u n c t i o n a l s . F o r " r r e a l i z e s A" we s i m p l y w r i t e " r € A " ; 
such e x p r e s s i o n s a r e c a l l e d j u d g e m e n t s . F o r f o r m u l a s A w i t h o u t 
3* ( s o - c a l l e d n e g a t i v e f o r m u l a s ) t h e sequence r o f r e a l i z i n g 
t e r m s i s empty and hence o u r j u d g e m e n t s c o i n c i d e w i t h t h e u s u a l 
f o r m u l a s . 
The l o g i c a l r u l e s o f Τ a r e t h o s e o f n a t u r a l d e d u c t i o n i n 
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t h e sense o f [ G e n t z e n 1 9 3 4 ] . We o n l y use t h e r u l e s f o r s o - c a l l e d 
m i n i m a l l o g i c . 0 = 1 can p l a y t h e r o l e o f f a l s i t y ; h ence ~IA 
can be d e f i n e d b y A - » 0 = 1 . The p r e s e n c e o f r e a l i z i n g t e r m s 
makes i t p o s s i b l e t h a t t h e i n t r o d u c t i o n and e l i m i n a t i o n r u l e s f o r 
3* have t h e f o l l o w i n g s i m p l e f o r m u l a t i o n : 
r € A [ s ] s , r € 3*xA 
(3*+) — ( 3 * - ) — . 
s , r € 3*xA r € A [ s ] 
Note t h a t , due t o t h e p r e s e n c e o f r e a l i z i n g t e r m s , Τ i s 
s t r o n g e r t h a n Η Α ω : I n Τ we can d e r i v e t r i v i a l l y any i n s t a n c e 
o f t h e a x i o m o f c h o i c e i n t h e f o r m 
V x 3 * y A [ x , y ] -* 3 * f V x A [ x , f x ] , 
and a l s o t h e s o - c a l l e d i n d e p e n d e n c e - o f - p r e m i s s ( I P ) schema 
(A-»3*xB) 3*x(A-»B) 
f o r n e g a t i v e A . 
F u n c t i o n a l s o f Τ a r e i n t e n d e d t o be e x t e n s i o n a l . F o r m a l ­
l y t h i s w i l l be e x p r e s s e d b y t h e f a c t t h a t we have e q u a l i t y r u l e s 
Γ = 5 fc1=t2 S 1 = 5 2 
X x r = X x s t 1 s 1 = t 2 S 2 
and t h a t a t e r m A x ( r x ) i s i d e n t i f i e d w i t h r . 
I t i s easy t o see t h a t Τ ( w . r . t . i t s n e g a t i v e f r a g m e n t ) 
i s c o n s e r v a t i v e o v e r c l a s s i c a l a r i t h m e t i c Ζ , s i n c e w i t h i n Ζ one 
can d e f i n e t h e model HEO ( c f . [ T r o e l s t r a 1 9 7 3 ] ) o f Τ . I n t h i s 
way many m e t a m a t h e m a t i c a l r e s u l t s known f o r Ζ c a n be t r a n s f e r r e d 
t o Τ . However, s i n c e i t i s o u r a i m t o make e x p l i c i t t h e a l g o ­
r i t h m i c c o n t e n t o f p r o o f s i n a way as s i m p l e as p o s s i b l e , a d i ­
r e c t p r o o f - t h e o r e t i c a n a l y s i s o f Τ seems t o be a p p r o p r i a t e . 
The c e n t r a l p o i n t o f s u c h an e n t e r p r i s e i s c e r t a i n l y 
G entzen's H a u p t s a t z , s a y i n g t h a t any d e r i v a t i o n i n Τ c a n be 
t r a n s f o r m e d i n t o a n o r m a l f o r m . The m a i n p r o p e r t y o f s u c h a n o r ­
mal f o r m i s t h a t i t does n o t make any " d e t o u r s " . We s h a l l p r o v e 
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s u c h a n o r m a l f o r m t h e o r e m f o r Τ , b y an a d a p t i o n o f a method o f 
[ T a i t 1 9 6 5 ] . 
N o t e t h a t t h e e x i s t e n c e o f d e r i v a t i o n s i n Τ w i t h o u t de­
t o u r s d o e s n ' t say much i f p r o o f s by i n d u c t i o n a r e made p o s s i b l e 
i n Τ by a d m i t t i n g i n d u c t i o n axioms o f t h e f o r m 
A [ 0 ] Λ V x ( A [ x ] - A [ x + 1 ] ) V y A [ y ] . 
Then one d o e s n ' t have any c o n t r o l o v e r t h e c o m p l e x i t y o f t h e i n ­
d u c t i o n f o r m u l a A . Hence we s h a l l f o r m u l a t e Τ w i t h an ω - r u l e 
i n s t e a d o f i n d u c t i o n a x i o m s . Then d e r i v a t i o n s w i l l be i n f i n i t e 
o b j e c t s , and by p r o p e r r e s t r i c t i o n s one has t o t a k e c a r e t h a t t h e 
r e s u l t i n g s y s t e m i s e q u i v a l e n t t o t h e o r i g i n a l one. 
As an a p p l i c a t i o n o f t h e n o r m a l f o r m t h e o r e m we s h a l l 
p r o v e t h a t f r o m any d e r i v a t i o n o f a f o r m u l a 3 y ( f x y = 0) w i t h t h e 
c l a s s i c a l e x i s t e n t i a l q u a n t i f i e r (and x,y o f t y p e Ο ) one can 
f i n d a t e r m r [ x ] and a d e r i v a t i o n o f f x r [ x ] = 0 and hence o f 
r [ x ] € 3 * y ( f x y = 0) ; t h i s i s ( t h e a p p r o p r i a t e f o r m u l a t i o n o f ) t h e 
Markov r u l e f o r Τ . 
The i d e a o f u s i n g f o r m u l a s w i t h r e a l i z i n g t e r m s has been 
i n t r o d u c e d i n t o t h e l i t e r a t u r e i n d e p e n d e n t l y by Martin-Löf and 
Mine ( s e e [Martin-Löf 1 9 8 4 ] , [ M i n e 1 9 7 5 ] ) . Mine u s e d i t as a 
t o o l i n h i s p r o o f o f t h e c o n s e r v a t i v i t y o f Η Α ω + AC o v e r HA , 
whereas Martin-Löf aims a t a r a t h e r g e n e r a l t h e o r y o f meaning.-
From Martin-Löf I have t a k e n t h e t e r m i n o l o g y r € A and t h e name 
" j u d g e m e n t " f o r such e x p r e s s i o n s . 
C o n c e r n i n g t h e r e l a t i o n o f Τ t o i n t u i t i o n i s t i c mathemat­
i c s i t seems t o me t h a t Τ d e a l s p r o p e r l y w i t h one a s p e c t o f t h e 
i n t u i t i o n i s t i c a p p r o a c h , namely t o make e x p l i c i t t h e a l g o r i t h m i c 
c o n t e n t o f p r o o f s . However, o t h e r a s p e c t s , i n p a r t i c u l a r t h e f a c t 
t h a t a p r o o f g i v e s an i n s i g h t i n t o t h e v a l i d i t y o f e.g. a TT°-for-
mu l a V x ( f x = 0) , a r e n o t made e x p l i c i t . 
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§ 1 The f o r m a l s y s t e m Τ 
The i n t e n d e d model o f Τ c o n s i s t s o f t h e p r i m i t i v e r e c u r ­
s i v e f u n c t i o n a l s i n t h e sense o f [Gödel 1 9 5 8 ] , i . e . o f a l l f u n c -
t i o n a l s w h i c h can be d e f i n e d e x p l i c i t e l y f r o m r e c u r s i o n o p e r a t o r s 
i n a l l f i n i t e t y p e s . I n o r d e r t o u n d e r s t a n d p r o p e r l y t h e c o m p u t a -
t i o n p r o c e d u r e g i v e n by t h e d e f i n i t i o n o f s u c h f u n c t i o n a l s i t i s 
a d v i s a b l e t o use i n f i n i t e t e r m s i n s t e a d o f t h e r e c u r s i o n o p e r a -
t o r s . Of c o u r s e t h e f o r m a t i o n o f i n f i n i t e t e r m s has t o be r e -
s t r i c t e d p r o p e r l y i n o r d e r t o make s u r e t h a t t h e y d e f i n e j u s t t h e 
p r i m i t i v e r e c u r s i v e f u n c t i o n a l s . Here we f o l l o w t h i s c o u r s e and 
d e f i n e o u r l a n g u a g e a c c o r d i n g l y . 
F i n i t e t y p e s a r e 0 , t h e t y p e o f n a t u r a l n umbers, and 
w i t h ρ , σ a l s o ρ σ , t h e t y p e o f f u n c t i o n a l s m a p p i n g f u n c t i o n ­
a l s o f t y p e ρ i n t o t h o s e o f t y p e σ . We s h a l l w r i t e p ^ , . . . , P n -> σ 
f o r ρ.j -> ( p 2 -* . . . ( P n " > σ ) · · ) · The l e v e l Lp o f a t y p e ρ i s d e ­
f i n e d i n d u c t i v e l y by LO = Ο , L(p-»a) = max(Lp + 1 , La) . Terms o f 
t y p e ρ a r e d e f i n e d i n d u c t i v e l y , as f o l l o w s . 
(A) z£ , zij* , , . . . a r e t e r m s o f t y p e ρ . They a r e c a l l e d 
v a r i a b l e s o f t y p e ρ and u s u a l l y d e n o t e d b y x , y , . . . . 
( 0 + ) F o r any n a t u r a l number j t h e n u m e r a l j_ i s a t e r m o f 
t y p e 0 . 
(0 ) I f t i s a t e r m o f t y p e Ο and s Q , , s 2 , ... a r e t e r m s 
o f t y p e ρ t h e n Et<s.> . ( E f o r e v a l u a t i o n ) i s a t e r m ^ ι KG) 
o f t y p e ρ . T h i s r u l e o f t e r m f o r m a t i o n i s c a l l e d c r i t i c a l 
s i n c e Et<s^> has t h e same t y p e as i t s " m i n o r p a r t s " s^ . 
(-•+) I f χ i s a v a r i a b l e o f t y p e ρ and r i s a t e r m o f t y p e σ , 
t h e n Xxr i s a t e r m o f t y p e ρ -> σ . 
(-• ) I f t i s a t e r m o f t y p e ρ -> σ and s i s a t e r m o f t y p e 
ρ , t h e n t s i s a t e r m o f t y p e σ . 
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We s h a l l o n l y c o n s i d e r t e r m s w i t h o n l y f i n i t e l y many f r e e 
v a r i a b l e s . Then s u b s t i t u t i o n Γ χ [ δ ί c a n ^ e d e f i n e d e a s i l y . F o r ­
mulas o f Τ a r e b u i l t f r o m e q u a t i o n s r = s between t e r m s o f t h e 
same t y p e ρ by means o f Λ , , V and a l s o 3* . Α ν* Β i s an 
a b b r e v i a t i o n o f 3 * x [ ( s g ( x ) =0-»A) Λ ( s g ( x ) =1_-»B)] ; h e r e sg i s 
t h e t e r m XxEx < sg ( i ) > ^ < ω . The c l a s s i c a l o p e r a t i o n s ν , 3 a r e 
t a k e n as d e f i n e d , i . e . Α ν Β : = Ί ( Π Α Λ Ί Β ) , 3χΑ :* ΊνχΊΑ ; t h e 
n e g a t i o n " Ι Α s t a n d s f o r A -+ 0 = ]_ . N o t e t h a t v a r i a b l e s o f a r b i ­
t r a r y t y p e s c a n be q u a n t i f i e d . 
As a l r e a d y m e n t i o n e d , we want t o d e r i v e i n Τ j u d g e m e n t s 
o f t h e f o r m r € A , n o t j u s t f o r m u l a s A . Here r s r ^ . . . , ^ i s 
a f i n i t e s e quence o f t e r m s o f t y p e s p ^ , , , . , P n ; η and t h e t y p e s 
P - | , . . . r P n s : £ a r e d e t e r m i n e d by A , as f o l l o w s . To an e q u a t i o n 
r = s t h e r e b e l o n g s t h e empty sequence o f t y p e s . I f £ a r e t h e 
t y p e s o f A and a s o ^ , . . . , o a r e t h e t y p e s o f Β , t h e n £ , σ 
a r e t h e t y p e s o f Α Λ Β , £ - > σ ^ , . . . , £ - » σ ^ a r e t h e t y p e s o f 
A-* Β , ρ - * , . . . , ρ σ a r e t h e t y p e s o f Vx pB and ρ , σ a r e 
t h e t y p e s o f 3*x Β . 
D e r i v a t i o n s i n Τ a r e d e f i n e d i n d u c t i v e l y / by t h e f o l l o w ­
i n g r u l e s . I t i s h e l p f u l t o t h i n k o f them as t r e e - l i k e f i g u r e s 
made up f r o m j u d g e m e n t s . A t t h e t o p nodes t h e r e a r e a s s u m p t i o n s 
o f t h e f o r m u £ A w i t h d i f f e r e n t v a r i a b l e s u = u^ , . .. , u n , o r 
a x i o m s . An a s s u m p t i o n c a n be bound a t a l a t e r i n f e r e n c e . We i d e n ­
t i f y t h e e q u a t i o n r = s w i t h s = r . To f o r m d e r i v a t i o n s we a d ­
m i t t h e f o l l o w i n g r u l e s o f i n f e r e n c e . A g a i n some o f t h o s e r u l e s 
a r e c a l l e d c r i t i c a l , n a m e l y i f t h e i r " m i n or p a r t s " a r e o f t h e 
same t y p e s as t h e c o n c l u s i o n . 
(A) H 6 A 
(R) x = x 
r = s s = t 
(T) 
r = t 
c r i t i c a l 
100 Η. SCHW1CHTENBERG 
.... r € A ( t = i L ) .... f o r a l l ί < ω 
(Ο ) - c r i t i c a l 
r € A 
( 0 = + ) 2 = 2 
t = t 0 . . . . s. . = s 0 f o r a l l i < ω 
(Ο"") - J 2 l i ?! c r i t i c a l 
E t 1 < S 1 i > i<a> = E t 2 < S 2 i > i < c o 
< - = + ) 
( - ) 
< Λ + ) 
( Λ ) 
( ^ + ) 
(- ) 
( V + ) 
(V ) 
( 3 * + ) 
r = s 
Xxr = Xxs 
S = t 2 S 1 = S 2 
t l 8 l = t 2 s 2 
r € A s € Β 
r , s £ Α Λ Β 
r / s € Α Λ Β r , s € Α Λ Β 
r e A s € Β 
r € B ( u € A ) 
Xur € A -* Β 
t € A-+B s € A 
t s € Β 
r € A 
Xxr € VxA 
t € VxA 
t s € A [ s ] 
r e A [ s ] 
s , r € 3*xA 
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s , r € 3*xA 
( 3 * - ) — 
r € A [ s ] 
I n a p p l i c a t i o n s o f , ->+ and V* t h e o b v i o u s c o n d i ­
t i o n s o n v a r i a b l e s a r e t o be r e s p e c t e d . A l s o we r e q u i r e t h a t any 
d e r i v a t i o n h a s o n l y f i n i t e l y many v a r i a b l e s f r e e i n t h e d e r i v a ­
t i o n , and o n l y f i n i t e l y many d i f f e r e n t f r e e a s s u m p t i o n s . Then 
s u b s t i t u t i o n s o f t e r m s f o r v a r i a b l e s and o f d e r i v a t i o n s f o r a s ­
s u m p t i o n s a r e p o s s i b l e , s i n c e n e c e s s a r y changes o f bound v a r i a ­
b l e s c a n be c a r r i e d o u t . 
A t e r m ( X x r ) s o b v i o u s l y d e n o t e s t h e same f u n c t i o n a l as 
r [ s ] . Hence i t seems t o be a p p r o p r i a t e t o i d e n t i f y b o t h t e r m s . 
T h i s i s p a r t i c u l a r l y a d v i s a b l e when l a t e r we want t o e l i m i n a t e 
d e t o u r s i n d e r i v a t i o n s and e.g. w a n t t o r e p l a c e a d e r i v a t i o n 
u € A ( 1 ) 
r e Β 
— (l) 
Xur € A -> Β s Ε A 
( X u r ) s G Β 
by 
s e a Ί 
r [ s ] € Β 
I n o r d e r t o be a b l e t o c o n s i d e r t h e second d e r i v a t i o n as d e r i v i n g 
t h e same j u d g e m e n t as t h e f i r s t one, we have t o c o n s i d e r ( X u r ) s 
and r [ s ] as e q u a l . F o r s i m i l a r r e a s o n s we have t o i d e n t i f y 
Ej<s.> w i t h s. , E ( E t ( s . > ) <p.) w i t h Et<Es.<p.>) and 
( E t < s i > ) p w i t h E t < s i p ) . S i n c e f u n c t i o n a l s a r e t a k e n t o be e x -
t e n s i o n a l we s h a l l f u r t h e r i d e n t i f y X x ( r x ) w i t h r . 
Our f o r m a l p r o c e d u r e w i l l be t o show t h a t any t e r m c a n be 
r e d u c e d t o a u n i q u e l y d e t e r m i n e d t e r m i n n o r m a l f o r m n o t c o n -
102 Η. SCHWICHTENBERG 
t a i n i n g any s u b t e r m o f t h e f o r m ( X x r ) s , E j ^ s J / E ( E t < s i > ) <p_.> , 
(Et<s^> ) p o r X x ( r x ) . Then we i d e n t i f y t w o t e r m s i f t h e y have 
t h e same n o r m a l f o r m . 
The e x i s t e n c e o f t h e n o r m a l f o r m w i l l be p r o v e d i n § 3 by 
t h e method o f [ T a i t 1965 ] . The p r o o f o f t h e u n i q u e n e s s o f t h e 
n o r m a l f o r m w i l l n o t be g i v e n h e r e ; i t c a n be done by a method o f 
[Maaß 1974 ] ( c f . [ R u c k e r t 1984 ] ) . 
§ 2 Examples f o r d e r i v a t i o n s 
Now we want t o show t h a t some e x p e c t e d d e r i v a t i o n s c an be 
c a r r i e d o u t i n Τ . 
Lemma 2.1 (Axiom o f c h o i c e ) 
s , r € V x 3 * y A [ x , y ] I - s , r € 3 * f V x A [ x , f ] 
P r o o f : s , r € V x 3 * y A [ x , y ] 
s x , r x € 3 * y A [ x , y ] 
r x € A [ x , s x ] 
r e V x A [ x , s x ] 
s , r € 3 * f V x A [ x , f x ] 
have 
Lemma 2.2 ( I n d e p e n d e n c e o f p r e m i s s ) F o r n e g a t i v e A we 
s ^ e (A->3*yB) h s , r € 3*y(A-»B) 
P r o o f : s , r € A - > 3 * y B A ( 1 ) 
s , r € 3*yB 
r € B [ s ] 
( 1 ) 
r € A - * B [ s ] 
s , r € 3*y(A-»B) 
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Remark: O b v i o u s l y Lemma 2.2 h o l d s f o r a l l f o r m u l a s A 
w i t h an empt y sequence o f t y p e s ( c f . § 1 ) . These a r e e x a c t l y t h e 
s o - c a l l e d H a r r o p - f o r m u l a s , i . e . f o r m u l a s w i t h 3* o n l y i n p r e ­
m i s s e s o f i m p l i c a t i o n s . 
Lemma 2.3 ( E x t e n s i o n a l i t y ) 
V x ( r x = sx) h t r = s r 
P r o o f : We make use o f t h e f a c t t h a t X x ( r x ) i s i d e n t i ­
f i e d w i t h r . 
V x ( r x = sx ) 
r x = sx 
X x ( r x ) = Xx ( s x ) 
t = t r V s ' 
• 
t r = s r 
The Peano a x i o m s c a n be p r o v e d e a s i l y f r o m t h e ω - r u l e 
0 . F o r t h e a r g u m e n t one needs 
Lemma 2.4 ( E q u a l i t y ) 
a. t 1 = t 2 I - r [ t 1 ] = r [ t 2 ] 
b. t 1 = t 2 , r [ t 1 ] € A [ t 1 ] I - r [ t 2 ] € A [ t 2 ] 
P r o o f : a c a n be se e n e a s i l y b y i n d u c t i o n on r . b i s 
p r o v e d b y i n d u c t i o n o n A , u s i n g a . 
N e x t we show t h a t 0 = J_ can p l a y t h e r o l e o f f a l s i t y , 
i . e . t h a t f r o m t h e a s s u m p t i o n 0 = 1_ one can d e r i v e an a r b i t r a r y 
j udgement r € A . 
Lemma 2.5 0 = 1 I " £ £ A 
P r o o f : S t e p 1: 0 = 1 _ I - i = j _ · O b v i o u s l y i t s u f f i c e s t o 
d e f i n e a t e r m + o f t y p e 0,0 -> 0 su c h t h a t i + 2 (more p r e c i s e l y : 
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( + i ) j _ ) has i + j as i t s n o r m a l f o r m . Take 
+ :h Xxy.Ex<Ey<i + j> . >. 
1 2 J_ J < ( J ) 1 < Ω 
S t e p 2; 0 = J _ | - r = s f o r a r b i t r a r y t e r m s r , s o f t y p e 
Ο . T h i s c a n be o b t a i n e d f r o m s t e p 1 u s i n g t h e ω - r u l e Ο : 
Ο = 1 
i - 1 r = i m 
f o r a l l ί<ω 
( l ) 
s = 2 ( 2 ) 
r = s .... f o r a l l j<ω 
( 2 ) 
r = s 
S t e p 3: 0 = 1 _ | - r = s f o r a r b i t r a r y t e r m s r , s o f t y p e 
ρ . We use i n d u c t i o n on t h e t y p e ρ . The case ρ = Ο has been 
d e a l t w i t h i n s t e p 2. F o r t h e g e n e r a l case ρ σ we make use o f 
t h e f a c t t h a t f u n c t i o n a l s a r e t a k e n i n Τ t o be e x t e n s i o n a l : 
0 = 1 
" I 
r x = s x 
λχ(rx) = X x ( s x ) , 
and X x ( r x ) , X x ( s x ) a r e i d e n t i f i e d w i t h r , s 
S t e p 4: 0 = 1_ I - r £ A . We use i n d u c t i o n on t h e f o r m u l a 
A . The c a s e o f an e q u a t i o n has been d e a l t w i t h i n s t e p 3. The 
case Λ i s t r i v i a l . I n t h e case -> we have 
0 = 1 Γ 
r u € Β 
X u ( r u ) € A-+ Β 
and X u ( r u ) i s i d e n t i f i e d w i t h r . The case V i s t r e a t e d s i m i -
l a r l y , and t h e case 3* i s t r i v i a l a g a i n . • 
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As i s t o be e x p e c t e d we have t h e u s u a l r u l e s f o r t h e d e ­
f i n e d c l a s s i c a l o p e r a t i o n s ν , 3 : 
Lemma 2.6 F o r n e g a t i v e f o r m u l a s A,B,C we have 
a. A h Α ν Β B l - A v B 
b. A v B , A - > C , B - > C | - C 
c. A [ s ] I - 3xA 
d. 3xA , A •+ C h C 
Remark: T h i s lemma can be s t r e n g t h e n e d somewhat: A,Β 
may be a r b i t r a r y f o r m u l a s , and f o r C i t s u f f i c e s t h a t C i s a 
H a r r o p f o r m u l a ( i . e . w i t h 3* o n l y i n p r e m i s s e s o f i m p l i c a t i o n s ) ; 
f o r s u c h C we have TIC h C . 
P r o o f : We s h a l l p r o v e t h e lemma i n t h e s t r e n g t h e n e d f o r m 
o f t h e r e m a r k above. I t s u f f i c e s t o d e a l w i t h c and d ; a and 
b a r e t r e a t e d s i m i l a r l y . N o t e t h a t 3xA a b b r e v i a t e s ~IVx~IA . 
For c we have 
Vx-IA ( 1 ) 
H A [ s ] r € A [ s ] 
0 = λ_ 
(1) 
3xA 
Fo r d we have t o use T i c I - C ; t h e n t h e r e q u i r e d d e r i v a t i o n c a n 
be o b t a i n e d e a s i l y : 
A-» C 
I 
~ I C ( 1 ) Ί(:->ΊΑ 
ΊΑ 
3xA Vx~IA 
0 = 1 
(1) 
I IC T I C -» c 
c 
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So i t r e m a i n s t o p r o v e T i c h C f o r H a r r o p f o r m u l a s C . We show 
t h i s by i n d u c t i o n on t h e f o r m u l a C . 
S t e p 1: "Π ( i = j) h i = j _ . T h i s i s c l e a r i f i and j a r e 
e q u a l numbers. I f t h e y a r e u n e q u a l , we have 
1 = i ( 1 ) 
I 
2 = 1 
( 1 ) 
Ί Ί ( ί = 2 ) 1 = 2 - 0 = 1 
0 = 1 
1 = 2 
S t e p 2: ~ T I ( r = s) Η r = s f o r a r b i t r a r y t e r m s r , s o f 
t y p e 0 . T h i s can be o b t a i n e d e a s i l y f r o m s t e p 1 above u s i n g t h e 
r u l e 0 ; c f . s t e p 2 o f t h e p r o o f o f Lemma 2.5. ω 
S t e p 3: T ( r = s) I - r = s f o r a r b i t r a r y t e r m s r , s o f 
t y p e ρ . We use i n d u c t i o n on t h e t y p e ρ . The case ρ = 0 has 
been d e a l t w i t h i n s t e p 2. F o r t h e g e n e r a l case we a g a i n make u s e 
o f t h e f a c t t h a t f u n c t i o n a l s a r e t a k e n i n Τ t o be e x t e n s i o n a l : 
r = s I - r x = sx 
~ l ~ l ( r = s) I - ~ n ( r x = sx) I - r x = sx by i n d . h y p . 
- T l ( r = s) h A x ( r x ) = X x ( s x ) 
S t e p 4: "Tic i - C f o r H a r r o p f o r m u l a s C . We use i n d u c ­
t i o n on C . The case o f an e q u a t i o n has been d e a l t w i t h i n 
s t e p 3. The case Λ i s s i m i l a r t o t h e c a s e V : 
VxC h C 
TIVxC Η T i c h C b y i n d . h y p . 
nnvxC h VxC 
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Case -> : 
C , C -+ D h D 
C , ~n(C->D) h "HD f- D b y i n d . h y p . 
I I ( C - ^ D ) h C-D • 
F i n a l l y we show t h a t f o r t h e o p e r a t i o n v* d e f i n e d above 
b y A v * B :3 3 * x [ ( s g ( x ) = 0 - + A ) A ( s g ( x ) = 1 e->B)] we have t h e f o l ­
l o w i n g r u l e s : 
Lemma 2.7 
a. r € A | - 0 , r , s € A v * B 
s € Β h i + 1 , r , s € Α ν* Β 
b. t , r , s € Α ν* Β , ρ € A -+ C , q € B - C h d € C 
The p r o o f o f a i s o b v i o u s . F o r b we have 
t , r , s € A v * B t = 0 ( 1 ) t,r,s£Av*B t = i + 1 ( 1 ) 
r € ( s g ( t ) = 0->A) s g ( t ) = 0 s € ( s g ( t ) = 1_-*B) s g ( t ) =J_ 
p€A->C r € A q€B-*C s € B 
p r € C qs€C 
XT* 
d [ 0 ] t = 0 ( 1 ) d [ i + 1 ] t = i + 1 ( 1 ) 
d [ t ] e c d [ t ] e c 
— (1) 
d [ t ] e c 
where d : = Ex <gr,<gs,cjs, . .. > . 
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§ 3 A n o r m a l f o r m f o r t e r m s 
As a l r e a d y m e n t i o n e d we w a n t t o p r o v e now t h a t any t e r m 
can be b r o u g h t i n t o a n o r m a l f o r m n o t c o n t a i n i n g any s u b t e r m o f 
t h e f o r m ( X x r ) s , E^is^) , Ε ( E t ( s ^ ) <p >^ , ( E t < s i > ) p o r Xx(rx) . 
The e a s i e s t way t o a c h i e v e t h a t i s by a p p l y i n g a m e t h o d due t o 
[ T a i t 1 9 6 5 ] . We p r e s e n t t h e p r o o f i n s u c h a way t h a t i t c a n be 
g e n e r a l i z e d e a s i l y t o t h e case o f d e r i v a t i o n s t o be t r e a t e d i n 
§ 5 . 
The r u l e s o f t e r m f o r m a t i o n have been d e s c r i b e d i n § 1 ; 
t h e y a r e 
(A) χ 
( 0 + ) i 
( 0 ~ ) E t < s . > . ^ c r i t i c a l 
(->+) Xxr 
(-") t s 
Ru l e s marked w i t h + ( - ) a r e c a l l e d i n t r o d u c t i o n ( e l i m i n a t i o n ) 
r u l e s . I n an e l i m i n a t i o n r u l e we c a l l t h e t e r m d e n o t e d b y t i t s 
main p a r t and t h e t e r m s d e n o t e d b y s i i t s m i n o r p a r t s . A t e r m 
i s c a l l e d c o n v e r t i b l e b y e v a l u a t i o n i f i t ends w i t h an e l i m i n a ­
t i o n r u l e whose m a i n p a r t i s o b t a i n e d b y an i n t r o d u c t i o n r u l e f o r 
n u m e r a l s , i . e . 0 + . The r e l a t i o n " ρ i s c o n v e r t i b l e b y e v a l u a ­
t i o n i n t o q " i s d e f i n e d b y 
1 . E j <s .) ι—* s . . 
A t e r m i s c a l l e d p r o p e r l y c o n v e r t i b l e i f i t ends w i t h an e l i m i n a ­
t i o n r u l e whose m a i n p a r t i s o b t a i n e d b y a n o n - n u m e r i c a l i n t r o ­
d u c t i o n r u l e , i . e . ->+ . The r e l a t i o n " ρ i s p r o p e r l y c o n v e r t i b l e 
i n t o q " i s d e f i n e d b y 
2. ( X x r ) s >—• r x'- s^ * 
A t e r m i s c a l l e d p e r m u t a t i v e l y c o n v e r t i b l e i f i t ends w i t h an 
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e l i m i n a t i o n r u l e whose m a i n p a r t i s o b t a i n e d by a c r i t i c a l r u l e , 
i . e . 0 . The r e l a t i o n " p i s p e r m u t a t i v e l y c o n v e r t i b l e i n t o q " 
i s d e f i n e d b y 
3. Ε ( E t <s .> ) <p .> t~+ Et<Es.<p.>> 
4. ( E t <s ±> ) p E t < s ± p > . 
F i n a l l y , a t e r m i s c a l l e d η - c o n v e r t i b l e i f i t i s o f t h e f o r m 
X x ( r x ) . The r e l a t i o n " p i s η - c o n v e r t i b l e i n t o q " i s d e f i n ­
ed b y 
5. X x ( r x ) )—• r . 
The r e l a t i o n o f r e d u c i b i l i t y between t e r m s i s t h e s m a l l e s t r e ­
f l e x i v e and t r a n s i t i v e r e l a t i o n c o n t a i n i n g t h e r e l a t i o n o f c o n ­
v e r t i b i l i t y and c l o s e d a g a i n s t t h e r u l e s o f t e r m f o r m a t i o n . A 
t e r m i s s a i d t o be i n n o r m a l f o r m i f i t c o n t a i n s no p r o p e r l y , 
p e r m u t a t i v e l y o r η - c o n v e r t i b l e s u b t e r m and a l s o no s u b t e r m c o n ­
v e r t i b l e b y e v a l u a t i o n . 
We w a n t t o show t h a t any t e r m can be r e d u c e d t o a t e r m 
i n n o r m a l f o r m . To a c h i e v e t h i s i t s u f f i c e s t o p r o d u c e a n o r m a l 
f o r m w . r . t . p r o p e r and p e r m u t a t i v e c o n v e r s i o n s ; t h i s i s c a r r i e d 
o u t i n Theorem 3.4 b e l o w . F o r a f t e r t h i s i s done one can e a s i l y 
e l i m i n a t e a l l η - c o n v e r t i b l e s u b t e r m s by r e p l a c i n g each s u b t e r m 
X x ( r x ) b y r ; d o i n g t h a t no new c o n v e r t i b l e s u b t e r m s w i l l a-
r i s e . F i n a l l y one c a n a l s o e l i m i n a t e a l l s u b t e r m s c o n v e r t i b l e by 
e v a l u a t i o n : r e p l a c e e a c h s u b t e r m E j ^ s ^ by s_. . (We s h a l l show 
i n § 4 t h a t t h e c o r r e s p o n d i n g f u n c t i o n on code numbers f o r t e r m s 
i s t h e o n l y one t h a t c a n n o t be choosen t o be p r i m i t i v e r e c u r ­
s i v e ) . N o t e t h a t d o i n g t h i s a t most new η - c o n v e r t i b l e s u b t e r m s 
w i l l a r i s e ; t h e y c a n a g a i n be e l i m i n a t e d as above. 
We a l s o w a n t t o n o t e t h e e f f e c t o f t h e c o n s t r u c t i o n o f 
t h e n o r m a l f o r m t o t h e h e i g h t o f t h e t e r m s i n v o l v e d . (Here t h e 
w o r d " h e i g h t " r e f e r s t o t h e h e l p f u l p i c t u r e o f a t e r m as g i v e n 
by a l a b e l l e d t r e e ) . The h e i g h t I r l o f a t e r m r i s d e f i n e d as 
f o l l o w s . 
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I x l = = 1 
l E t <s.> I = max( I t I , sup I s. I ) + 1 
1 i 1 
I X x r l = I r l 
I t s I = max( 111 , I s I ) + 1 . 
One can see e a s i l y t h a t w i t h t h i s d e f i n i t i o n we have 
Lemma 3.1 l r [ s ] \ & I s I + I r l . 
F u r t h e r m o r e i t i s c l e a r t h a t η - c o n v e r s i o n s and c o n v e r ­
s i o n s by e v a l u a t i o n can o n l y l o w e r t h e h e i g h t o f a t e r m . 
The l e v e l L r o f a t e r m r i s t h e l e v e l o f t h e t y p e o f 
r . By t h e r a n k Rr o f a t e r m r we mean t h e l e a s t number 
g r e a t e r t h a n a l l l e v e l s o f main p a r t s o f p r o p e r l y o r p e r m u t a t i v e ­
l y c o n v e r t i b l e s u b t e r m s o f r . 
Lemma 3.2 ( R e d u c t i o n Lemma) L e t ρ be a t e r m e n d i n g 
w i t h an e l i m i n a t i o n w i t h m a i n p a r t t and m i n o r p a r t s , so 
ρ a E t ( s ^ o r ρ = t s . I f L t ^  k and Rt , Rs^ ^  k , t h e n t can 
be r e d u c e d t o a t e r m q w i t h Rq ύ k and 
I q l ^ m a x ( I p l , ( s u p I s . I ) + I t l ) . 
i 1 
P r o o f : By i n d u c t i o n on t . We may assume t h a t t ends 
w i t h a n o n - n u m e r i c a l i n t r o d u c t i o n ( i . e . -»+) o r w i t h a c r i t i c a l 
r u l e ( i . e . 0 ) , f o r o t h e r w i s e we a l r e a d y w o u l d have Rp ύk . 
Case ->+ : Then t s Xxr , hence p = ( X x r ) s Q . S i n c e 
L ( X x r ) ^ k we have L S q < k and hence R r [ s Q ] ^ k . F u r t h e r m o r e we 
know by Lemma 3.1 t h a t | r [ s ] I ύ |s I + I r l . So we can t a k e •* ο ο 
q S r [ s o ] . 
Case θ" : Then t = Er <p_.> , hence p s E ( E r ( p . ) ) ( s ^ o r 
p s (E r < P j ) ) S q . Each p.. i s a p r o p e r s u b t e r m o f t , and Lp.. = 
= L t ^ k . Hence, b y i n d u c t i o n h y p o t h e s i s , Ep.<s/> o r P- S Q c a n 
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be r e d u c e d t o a t e r m q. w i t h Rq. ύ k and 
^3 3 
|q. I £ m a x ( m a x ( l p . I , sup I s . I ) + 1 , (sup I s . I ) + l p . I ) . 
3 3 i 1 i 1 J 
We can t a k e q s E r <q^> , s i n c e REr <q^> ^ k and 
I E r (q . > I = max ( I r l , sup I q . I ) + 1 
D j 3 
ύ m a x ( I r l , s u p ( I ρ. I + 1) , (sup I s . I ) + s u p l p . I ) + 1 
j i 1 j J 
£ m a x ( ( s u p l p . I ) + 2 , (sup I s . I ) + I t I ) 
j 3 i ι 
ύ m a x ( l p I , ( s u p l s I ) + I t I ) 
i 1 
Lemma 3.3 ( S t r u c t u r a l Lemma) C o n s i d e r a t e r m o f r a n k 
£ k + 1 e n d i n g w i t h an e l i m i n a t i o n w i t h m a i n p a r t t o f a l e v e l 
L t £ k + 1 . Then t i s o b t a i n e d by i n g e n e r a l m u l t i p l e u n c r i t i c a l 
e l i m i n a t i o n s ( i . e . a p p l i c a t i o n s o f -* ) f r o m a v a r i a b l e . 
P r o o f : I f t =: t i s o b t a i n e d b y an u n c r i t i c a l e l i m i n a -o u 
t i o n , t a k e i t s m a i n p a r t t ^ . I f t«j a g a i n i s o b t a i n e d b y an 
u n c r i t i c a l e l i m i n a t i o n , t a k e a g a i n i t s m a i n p a r t t ^ / and so o n . 
Note t h a t a l l t ^ have l e v e l s ^ k + 1 . The p r o c e d u r e t e r m i n a t e s 
w i t h a m a i n p a r t t . By c o n s t r u c t i o n t i s n o t o b t a i n e d b y an r η η J 
u n c r i t i c a l e l i m i n a t i o n . S i n c e by a s s u m p t i o n t h e w h o l e t e r m has a 
r a n k ύ k + 1 , we a l s o know t h a t t can n e i t h e r be o b t a i n e d by 
an i n t r o d u c t i o n n o r by a c r i t i c a l r u l e . Hence t i s a v a r i a b l e . 
u η 
Theorem 3.4 ( E x i s t e n c e o f t h e No r m a l Form) 
a. Any t e r m r o f r a n k ύ k + 1 can be r e d u c e d t o a t e r m r * o f 
r a n k ^ k , such t h a t I r 1 I ύ 2 1 r 1 . 
b. Any t e r m r ( o f a r b i t r a r y r a n k ^ ω ) can be r e d u c e d t o a t e r m 
r * o f r a n k Ο , s u c h t h a t ' r * ' * ε | r | · 
P r o o f o f a: By i n d u c t i o n on r . I f r d o e s n ' t end w i t h an 
e l i m i n a t i o n t h e c l a i m f o l l o w s i m m e d i a t e l y f r o m t h e i n d u c t i o n h y ­
p o t h e s i s . So assume t h a t r ends w i t h an e l i m i n a t i o n , i . e . 
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r s E t ( s . ) o r r s t s Q . Then, b y i n d u c t i o n h y p o t h e s i s , we have 
t 1 , s^ su c h t h a t R f , Rs| ^  k and I t ' | ύ 2 ! t 1 , | s | | ^  2 1 i l . 
Case 1. The main p a r t t has a l e v e l L t £ k + 1 . Then b y 
t h e S t r u c t u r a l Lemma 3.3 we know t h a t t i s o b t a i n e d b y m u l t i p l e 
u n c r i t i c a l e l i m i n a t i o n s f r o m a v a r i a b l e , i . e . t s x r . . . . . r 
1 η 
Then we have t ' s x r | .. . . r ^ ( b y i n d u c t i o n h y p o t h e s i s w . r . t . a 
c l a i m t o be p r o v e d s i m u l t a n e o u s l y , s a y i n g t h a t 
( x r 1 . . . . r ) 1 s x r ] . . . . f ) . 
Take r ' s E t ' <sf> o r r ' s t ' s ^ , r e s p e c t i v e l y . Then we know f r o m 
t h e f o r m o f t ' t h a t Rr' £ k . For t h e h e i g h t we have 
l r ' I = max( I t 1 I , sup I s ! I ) + 1 
i t ι 1 ' ^ i 1 £ m a x ( 2 , sup 2 ) + 1 
i 
max( 111 , sup I s . I ) + 1 
< 2 ± 
= 2 | r | 
Case 2. The main p a r t t has a l e v e l L t ύ k . Then we c a n 
a P P l y t h e R e d u c t i o n Lemma 3.2 t o E t ' (s\) o r t ' s ^ , r e s p e c t i v e ­
l y . We o b t a i n t h e r e q u i r e d t e r m r ' w i t h r a n k Rr' ^  k . F o r t h e 
h e i g h t we have 
l r 1 I ^ m a x ( m a x ( I t 1 I , sup I s ! I ) + 1 , ( s u p I s ! I ) + I t ' I ) 
i 1 i 2-
= max( I t ' I + 1 , ( s u p \ s l _ I ) + I f I ) 
111 ' s i ' 111 
ύ max (2 ' ^  ' + 1 , ( s u p 2 ) + 2 l t l ) 
^ max (2 
= 2 | r l 
ι 
,. , , Λ max(111 , sup I s . I ) + 1 
ι τ. I τ I 2 j_ 1 
P r o o f o f b: A g a i n b y i n d u c t i o n o n r . I f r d o e s n ' t end 
w i t h an e l i m i n a t i o n t h e c l a i m a g a i n f o l l o w s i m m e d i a t e l y f r o m t h e 
i n d u c t i o n h y p o t h e s i s . So assume t h a t r ends w i t h an e l i m i n a t i o n , 
i . e . r Ξ E t (s,) o r r s t s Q . Then, b y i n d u c t i o n h y p o t h e s i s , we 
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have t * / s ± * s u c h t h a t R t * , Rs* = Ο and | t * I £ e j t | , 
I s * I ^  ε . . . L e t k < ω be t h e l e v e l o f t h e m a i n p a r t t . Then ι I s^ I Γ 
we c o n s t r u c t t h e r e q u i r e d t e r m r * by a k - f o l d a p p l i c a t i o n o f 
p a r t a t o E t * (s|> o r t*s£ ι r e s p e c t i v e l y . F o r t h e n we have 
Rr* = Ο and 
I r * I ^ e x p k ( m a x ( 1 1 * I , sup I s* I ) + 1) w i t h exp α := 2 α 
i 1 
^ e x p (max(ε. . , sup ε . . ) + 1) 
1 1 I I I 
= e x p (ε , , ^ ι , ι \ + 1 ) ^ m a x ( 1 1 1 , sup I s . I ) 
i χ 
< ε 
max ( 111 , s u p I s . I ) + 1 
i 1 
= ε ι η • 
§ 4 R e s t r i c t i o n s o n i n f i n i t e sequences i n t e r m s 
Up t o now o u r t e r m s h a v e b e e n a l l o w e d t o be r a t h e r a r b i ­
t r a r y ; i n p a r t i c u l a r , i n t h e c a s e o f t h e r u l e Et<s.> . t h e r e 
has n o t b e e n a n y r e s t r i c t i o n o n how t h e t e r m s s^ s h o u l d be 
c h o o s e n . However, such a r e s t r i c t i o n seems t o be a d v i s a b l e when 
we w a n t t o use t e r m s t o r e p r e s e n t t h e p r i m i t i v e r e c u r s i v e f u n c -
t i o n a l s . F o r o t h e r w i s e e .g. any f u n c t i o n f o f t y p e Ο-»Ο c o u l d 
be r e p r e s e n t e d , n a m e l y b y λχΕχ <f ( i ) ) . 
Now w h a t r e q u i r e m e n t s s h o u l d be s a t i s f i e d b y a p r o p e r l y 
r e s t r i c t e d c l a s s o f t e r m s ? F i r s t o f a l l , we c e r t a i n l y w a n t t h a t 
t h e f u n c t i o n a l s r e p r e s e n t e d b y s u c h t e r m s a r e e x a c t l y t h e p r i m i ­
t i v e r e c u r s i v e f u n c t i o n a l s . Second, i t seems a d v i s a b l e t h a t t h e 
f o r m a t i o n o f n o r m a l f o r m s d e s c r i b e d above does n o t l e a d us o u t o f 
o u r c l a s s , f o r t h e n i t i s p o s s i b l e t o g i v e a d e t a i l e d a n a l y s i s o f 
t h e t r a d e - o f f o f h i g h e r t y p e p r i m i t i v e r e c u r s i o n a g a i n s t l o w e r 
t y p e α - r e c u r s i o n , f o r some α < E q . We do n o t go i n t o t h e de­
t a i l s o f t h i s m a t t e r h e r e b u t j u s t r e f e r t o [ S c h w i c h t e n b e r g 1973] 
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o r [ S c h w i c h t e n b e r g 1975] and t h e l i t e r a t u r e c i t e d h e r e . 
To f u l f i l l t h o s e r e q u i r e m e n t s we c e r t a i n l y h ave t o bound 
t h e r a n k o f t h e t e r m s s. i n Et<s.> . , and f u r t h e r h ave t o 
ι ι κ ω 
bound t h e i r h e i g h t s by an o r d i n a l α < ε 0 · I n o r d e r t o e x c l u d e 
t h e p o s s i b i l i t y o f r e p r e s e n t i n g a r b i t r a r y f u n c t i o n s as a b o v e , we 
o n l y a l l o w t e r m s t h a t can be "coded" by n a t u r a l n u mbers. T h i s i s 
a r a t h e r s t a n d a r d p r o c e d u r e ; f o r l a t e r r e f e r e n c e we d e s c r i b e t h e 
m ain p o i n t s o f such a c o d i n g , f o l l o w i n g [ S c h w i c h t e n b e r g 1 9 7 7 ] . 
Code numbers o f t e r m s a r e d e f i n e d i n d u c t i v e l y , c o r r e ­
s p o n d i n g t o t h e i n d u c t i v e b u i l d - u p o f t e r m s . The i n d u c t i v e d e f i ­
n i t i o n i s t r i v i a l f o r t h e f i n i t e t e r m f o r m a t i o n r u l e s A , 0 + , ->+ 
and -+ . However, i n t h e case o f t h e r u l e 0 : Et<s.> . we 
ι κ ω 
have a d i f f i c u l t y s i n c e t h e n we have i n f i n i t e l y many p r e m i s s e s 
s^ . The i d e a now i s t o assume t h a t t h e c odes f o r t h e p r e m i s s e s 
s^ can be e n u m e r a t e d by a p r i m i t i v e r e c u r s i v e f u n c t i o n , a n d t o 
use a code ( o r p r i m i t i v e r e c u r s i v e i n d e x ) o f s u c h an e n u m e r a t i o n 
f u n c t i o n t o c o n s t r u c t a code number o f t h e w h o l e t e r m . A n o t h e r 
e s s e n t i a l p o i n t i s t h a t o u r code numbers s h o u l d c o n t a i n s u f f i ­
c i e n t i n f o r m a t i o n a b o u t t h e coded t e r m . I n p a r t i c u l a r , i f a num­
b e r u codes a t e r m r , t h e n we w a n t t o be a b l e t o r e a d o f f 
p r i m i t i v e r e c u r s i v e l y f r o m u 
1. t h e name o f l a s t r u l e o f t e r m f o r m a t i o n a p p l i e d i n r a n d t h e 
t y p e o f r , 
2. an o r d i n a l < ε ο w h i c h i s a bound f o r t h e h e i g h t I r l , 
3. a bound f o r t h e r a n k Rr , and 
4. a bound f o r t h e ( f i n i t e ) s e t o f v a r i a b l e s f r e e i n r . 
The c o r r e s p o n d i n g p r i m i t i v e r e c u r s i v e f u n c t i o n s w i l l be d e n o t e d 
by R u l e ( u ) , T y p e ( u ) , l u l , Rank(u) and V a r ( u ) , r e s p e c t i v e l y . 
The o r d i n a l s < e Q f r o m 2. a r e r e p r e s e n t e d b y n a t u r a l numbers; 
f o r t h i s we r e f e r t o a f i x e d c a n o n i c a l w e l l - o r d e r i n g < o f t h e 
n a t u r a l numbers o f o r d e r t y p e ε 
ο 
We do n o t w r i t e o u t a l l cases o f t h e i n d u c t i v e d e f i n i t i o n 
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o f t h e p r e d i c a t e u € Code ( u i s a code number f o r a t e r m ) , b u t 
r a t h e r g i v e t w o e x a m p l e s c o r r e s p o n d i n g t o t h e r u l e s -> and 0 : 
-» : I f u , v 6 Code, T y p e ( u ) = r p σ 7 and T y p e ( v ) = ΓςΡ , t h e n 
< r - ^ " 1 / u f v> € Code . 
θ" : I f , f o r any i , [ e ] ( i ) =: u i € Code, Type ( u ^ = Γρη , 
l u ± I d> V -< Γ&~' , R a n k ( u . ) £ k and Va r (u . ) r { x 1 , . . . , χ Γ , 
and f u r t h e r m o r e v € Code, T y p e ( v ) = Γ 0 Ί , l v | < Γ β Ί , Rank (ν) £ k 
and V a r ( v ) £ { χ ^ . , . , χ } , t h e n 
< Γ 0 ~ \ r p \ r$1 ,k, Γ{χ 1 , . . . ,χ Γ , v,e > € Code . 
Here [ e ] d e n o t e s t h e p r i m i t i v e r e c u r s i v e f u n c t i o n coded by e . 
r . . d e n o t e s as u s u a l a n a t u r a l code number f o r t h e f i n i t e ob-
# 
j e c t . . . ; £ c o r r e s p o n d s ( u n d e r t h e r e l e v a n t c o d i n g o f f i n i t e 
s e t s o f v a r i a b l e s ) t o 9 ; <x Q, . .. , x n _ - j > i s a p r i m i t i v e r e c u r ­
s i v e c o d i n g o f f i n i t e s equences o f n a t u r a l numbers w i t h p r i m i t i v e 
r e c u r s i v e i n v e r s e s ( x ) ^ , i . e . ( < x Q , . . . , x n - ^ > ) ^ = x^ f o r i < n . 
We a l s o s k i p t h e ( t r i v i a l ) p r i m i t i v e r e c u r s i v e d e f i n i t i o n s o f t h e 
f u n c t i o n s R u l e ( u ) , . . . m e n t i o n e d above. 
I t i s e a s y t o see t h a t a l l p r i m i t i v e r e c u r s i v e f u n c t i o n ­
a l s i n t h e s e n s e o f [Gödel 1 9 5 8 ] , i . e . a l l f u n c t i o n a l s e x p l i c -
i t e l y d e f i n a b l e f r o m t h e r e c u r s i o n o p e r a t o r s o f f i n i t e t y p e s , can 
be r e p r e s e n t e d b y c o d e d t e r m s ; t h i s c a n be done i n such a way 
t h a t t h e code numbers have h e i g h t s |u|-< Γω·2* Ί . C o n v e r s e l y i t 
i s e a s y t o see t o o t h a t any f u n c t i o n a l r e p r e s e n t e d b y a t e r m w i t h 
code number i s p r i m i t i v e r e c u r s i v e . 
F u r t h e r m o r e one c a n show t h a t t o t h e o p e r a t i o n s on t e r m s 
d e f i n e d above ( s u b s t i t u t i o n , i n t h e R e d u c t i o n Lemma 3.2 and i n 
t h e Theorem 3.4 on t h e e x i s t e n c e o f t h e n o r m a l f o r m , p a r t a ) 
t h e r e c o r r e s p o n d p r i m i t i v e r e c u r s i v e f u n c t i o n s on t h e code num­
b e r s ( c f . [ S c h w i c h t e n b e r g 1 9 7 7 ] ) . However, t o t h e e l i m i n a t i o n o f 
s u b t e r m s c o n v e r t i b l e b y e v a l u a t i o n t h e r e does n o t c o r r e s p o n d a 
p r i m i t i v e r e c u r s i v e f u n c t i o n any more, b u t an α - r e c u r s i v e f u n c ­
t i o n , w h e r e α < e Q i s t h e bound on t h e h e i g h t o f t h e g i v e n t e r m 
o f r a n k Ο . 
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§ 5 Α n o r m a l f o r m f o r d e r i v a t i o n s 
We now t r a n s f e r t h e a r g u m e n t s o f § 3 f r o m t e r m s t o d e r i ­
v a t i o n s . More p r e c i s e l y , we want t o show t h a t any d e r i v a t i o n can 
be t r a n s f o r m e d i n t o a n o r m a l f o r m w i t h t h e same a s s u m p t i o n s and 
t h e same f i n a l j u d g e m e n t , where t h e n o r m a l f o r m has t h e p r o p e r t y 
t h a t i t does n o t c o n t a i n any s u b d e r i v a t i o n e n d i n g w i t h an e l i m i ­
n a t i o n r u l e whose m a i n p a r t i s o b t a i n e d by an i n t r o d u c t i o n r u l e 
o r a c r i t i c a l r u l e . Such d e r i v a t i o n s i n n o r m a l f o r m have many de­
s i r a b l e p r o p e r t i e s , i n p a r t i c u l a r t h e y do n o t make any " d e t o u r s " , 
i n a sense w h i c h can e a s i l y be made p r e c i s e . We s h a l l g i v e some 
a p p l i c a t i o n s o f t h e e x i s t e n c e o f a n o r m a l f o r m f o r d e r i v a t i o n s i n 
§ 6 ( e q u i v a l e n c e o f a r e s t r i c t e d f o r m o f o u r i n f i n i t a r y s y s t e m Τ 
t o a v e r s i o n o f Τ w i t h o u t i n f i n i t e r u l e s ) and i n § 7 ( c l o s u r e o f 
t h e r e s t r i c t e d f o r m o f Τ a g a i n s t t h e Markov r u l e ) . 
The r u l e s o f t h e i n d u c t i v e d e f i n i t i o n o f a d e r i v a t i o n 
have been d e s c r i b e d i n § 1 . Remember t h a t we now i d e n t i f y e q u i v ­
a l e n t t e r m s , i . e . t e r m s w i t h t h e same n o r m a l f o r m . Rules marked 
w i t h + (-) a r e c a l l e d i n t r o d u c t i o n ( e l i m i n a t i o n ) r u l e s . I n an 
e l i m i n a t i o n r u l e o t h e r t h a n 
. . . . r € A ( t = : L ) . . . . f o r a l l ΐ < ω 
(Ο ) 
r € A 
we c a l l i t s l e f t h and s u b d e r i v a t i o n i t s m a i n p a r t ; i n 0 t h e 
t e r m t i s c o n s i d e r e d as t h e m a i n p a r t o f t h i s r u l e . I n an e l i m i ­
n a t i o n r u l e o t h e r t h a n 
r e VxA 
(V ) — 
r s € A [ s ] 
a l l s u b d e r i v a t i o n s e x c e p t t h e m a i n p a r t a r e c a l l e d m i n o r p a r t s ; 
i n V t h e t e r m s i s c o n s i d e r e d as t h e m i n o r p a r t o f t h i s r u l e . 
A d e r i v a t i o n i s c a l l e d c o n v e r t i b l e by e v a l u a t i o n i f i t 
ends w i t h an e l i m i n a t i o n r u l e whose m a i n p a r t i s o b t a i n e d b y an 
i n t r o d u c t i o n r u l e f o r n u m e r a l s , i . e . 0 + o r 0 ~ + . The r e l a t i o n 
" d i s c o n v e r t i b l e b y e v a l u a t i o n i n t o e " i s d e f i n e d by 
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3 = 1 
(1) 
.... r € A .... f o r a l l i < ω 
r € A 
(1) 
3 = 3 
~ I " 
r £ A 
3 = 3 Ί ί 5 2 i f o r a l l i < ω 
E j < s 1 ± > = E j < s 2 i > ' l j - * 2 j 
A d e r i v a t i o n i s c a l l e d p r o p e r l y c o n v e r t i b l e i f i t ends 
w i t h an e l i m i n a t i o n r u l e whose main p a r t i s o b t a i n e d by a non -
n u m e r i c a l i n t r o d u c t i o n r u l e , i . e . -•~+ , Λ + , -•+ f o r d e r i v a t i o n s , 
V + o r 3*+ . The r e l a t i o n " d i s p r o p e r l y c o n v e r t i b l e i n t o e " 
i s d e f i n e d by 
3. I 
Γ 1 = Γ 2 I I I 
X x r 1 = X x r 2 s - j = s 2 r 1 [ s 1 ] = r 2 [ s 1 ] r 2 [ s 1 ] = r 2 [ s 2 ] 
( X x r ^ s ^ ( X x r 2 ) s 2 r ^ [ s ^ ] = r 2 ^ s 2 ^ 
Here t h e d e r i v a t i o n o f [ s ^ ] = r 2 [ s ^ ] i s o b t a i n e d f r o m t h e 
g i v e n d e r i v a t i o n o f r ^ = r 2 b y s u b s t i t u t i n g s^ f o r t h e f r e e 
o c c u r r e n c e s o f χ i n t h i s d e r i v a t i o n ; axioms x = x a r e t o be r e ­
p l a c e d by d e r i v a t i o n s o f s^ = s^ b u i l t up a c c o r d i n g t o t h e f o r ­
m a t i o n o f t h e t e r m s^ . The d e r i v a t i o n o f r 2 [ s 1 ] = r 2 [ s 2 ] i s 
b u i l t up c o r r e s p o n d i n g t o t h e f o r m a t i o n o f r 2 f r o m t h e g i v e n 
d e r i v a t i o n o f s^ = s 2 . 
4. 
r € A s € Β 
r , s £ Α Λ Β 
H> r € A 
r € A 
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7. 
r e Α s e Β 
r , s € Α Λ Β ι 
~ ~ »-• I 
s € Β s E B 
. t i 1 " 
I Ρ 
r € Β , I 
— (1) I s € A Xur € A Β s € A 
I 
(Xur)s € Β r t s ] € Β 
r € A 
Xxr € VxA 
(Xxr)s € A[s] r [ s ] £A[s] 
r € A[s] 
s,r € 3*xA 
r € A [ s ] r € A [ s ] 
A d e r i v a t i o n i s c a l l e d permutatively convertible i f i t 
ends with an elimination r u l e whose main part i s obtained by a 
c r i t i c a l r u l e , i . e . Ο for terms, Τ , Ο for derivations or 
0~ . The r e l a t i o n "d i s permutatively convertible into e " i s 
defined by 
8. E t <s.> = i ( 1 ) 
3 I " 
.... r € A .... for a l l i < ω 
(1) 
r € A 
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t = j ( 2 ) — · s i - i = s j - i S i = ^ ( 1 ) S 1 + 1 = S j + 1 
E t <s .) = i 
3 I " 
.... r € A .... f o r a l l i < ω 
(D 
.... r 6 A .... f o r a l l j < ω 
( 2 ) 
r e A 
9 · I I 
r = s s = t 
r = t .... p. = q f o r a l l ί < ω 
ΕΓ<ρ ±> = Et<q i> 
r = s p i = p i s = t p i = q i 
E r <p±> = Es <p±> Es<p ±> = E t < q i > 
Er <p±> = E t <q±> 
10. 
r = s s = t 
r = t ρ = q 
r p = t q 
r = s ρ = p s = t P = q 
r p = sp sp = t q 
r p = t q 
11 . t = i (1) 
r € A 
(1) 
r e A 
s € Β 
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t = i ( 1 ) 
r € A . .. b. ... 
s € Β .... 
— (1) 
s € Β 
12. 
t 1 = t 2 s Λ . = s 0 . 11 2 i 
E t 1 < S U > = E t 2 < s 2 . ) 
P 1 J = P 2 j 
E ( E t 1 < s u > ) <ρ^> = E ( E t 2 < s 2 i > ) <p 2 j> 
11 2 i P 1 J = P 2 j 
fc1=t2 E s 1 i <P11 > = E S 2 i < P 2 j > 
E t 1 < E S l i < P l j > > = E t 2 < E s 2 i < p 2 j ) > 
13. 
t ^ = t 2 S 1 i " S 2 i 
E t 1 < S 1 i > = E t 2 < S 2 . > P i = p c 
( E t 1 < s 1 i > >Pi = < E t 2 < S 2 i > >P 2 
S 1 i = S 2 i P i = P 2 
fc1=t2 Ί 1 * Ί P i = S 9 - i P 21^2 
E t 1 <BM?J = E t 2 < s 2 ± P 2 > 
The r e l a t i o n o f r e d u c i b i l i t y b e t w e e n d e r i v a t i o n s i s t h e 
s m a l l e s t r e f l e x i v e and t r a n s i t i v e r e l a t i o n c o n t a i n i n g t h e r e l a ­
t i o n o f c o n v e r t i b i l i t y and c l o s e d a g a i n s t t h e r u l e s f o r f o r m i n g 
d e r i v a t i o n s . A d e r i v a t i o n i s s a i d t o be i n n o r m a l f o r m i f i t c o n ­
t a i n s no p r o p e r l y o r p e r m u t a t i v e l y c o n v e r t i b l e s u b d e r i v a t i o n and 
a l s o no s u b d e r i v a t i o n c o n v e r t i b l e b y e v a l u a t i o n . 
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We w a n t t o show t h a t any d e r i v a t i o n can be r e d u c e d t o a 
d e r i v a t i o n i n n o r m a l f o r m . To a c h i e v e t h i s i t s u f f i c e s t o p r o d u c e 
a n o r m a l f o r m w . r . t . p r o p e r and p e r m u t a t i v e c o n v e r s i o n s ; t h i s i s 
c a r r i e d o u t i n Theorem 5.4 b e l o w . For a f t e r t h i s i s done one can 
e a s i l y e l i m i n a t e a l l s u b d e r i v a t i o n s c o n v e r t i b l e b y e v a l u a t i o n : 
f i r s t r e p l a c e e a c h s u b d e r i v a t i o n 
.... r € A .... f o r a l l i < ω , 
(1) by I 
r € A r € A 
and t h e n r e p l a c e e a c h s u b d e r i v a t i o n 
E i < s l i > - E i ' » 2 i > s 1 j " 8 2 j 
We a l s o w a n t t o n o t e t h e e f f e c t o f t h e c o n s t r u c t i o n o f 
t h e n o r m a l f o r m t o t h e h e i g h t o f t h e d e r i v a t i o n s i n v o l v e d . The 
n o t i o n o f t h e h e i g h t o f a d e r i v a t i o n i s n o t c o m p l e t e l y u n p r o b l e m -
a t i c : on has t o t a k e i n t o a c c o u n t t h a t c e r t a i n r u l e s f o r f o r m i n g 
d e r i v a t i o n s i m p l i c i t e l y h a v e t e r m s as f u r t h e r p r e m i s s e s ( t h e s e 
a r e A , Ο f o r d e r i v a t i o n s , V and 3*+ ) . A l s o i n o r d e r t o 
o b t a i n a p r o p e r n o t i o n o f h e i g h t we must l o o k i n more d e t a i l t o 
t e r m s i n d e r i v a t i o n s . So f r o m now on we do n o t i d e n t i f y t e r m s any 
more, b u t r a t h e r a l l o w t h a t i n t h e r u l e s f o r f o r m i n g d e r i v a t i o n s 
d e s c r i b e d i n § 1 t h e j u d g e m e n t s w r i t t e n t h e r e a r e r e p l a c e d by 
" v a r i a n t s " . A v a r i a n t [ r € A ] o f a j u d g e m e n t £ € A i s a j u d g e ­
ment r 1 € Α' , w h e r e e a c h i s e q u i v a l e n t t o r ^ , and A 1 i s 
e q u i v a l e n t t o A , i . e . o b t a i n e d f r o m A by r e p l a c i n g e q u a t i o n s 
r = s i n A b y r 1 = s ' , w i t h r ' , s ' e q u i v a l e n t t o r , s . 
We d e f i n e t h e h e i g h t Id I o f a d e r i v a t i o n d f o r a 
j u d g e m e n t r € A b y i n d u c t i o n on d , as f o l l o w s : 
Id I = m a x ( I r € A I , l d l Q ) , w h e r e I r € A I = max ( I r ^ I , . . . , I r n I , I A I ) 
w i t h I A I d e f i n e d b y I r = s I = max ( I r I , I s I) , | Α Λ Β | = | Α - > Β | = 
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- max ( IΆ I , IΒ I ) , I VxA I = I 3*xA I = IA I , and where |d| i s d e f i n e d 
b y 
l u e A I o = i x = x i o = l j _ = 2 j 0 = 1 
r = s s 1 = t 
[ r = t ] 
= max ( I r = s I , I s ' = 11) 
[ t = i ] i ( 1 ) 
I 
[ Γ 6 Α ] 1 
(1) 
r € A 
m a x ( I t I , sup 
i 
[ t = i ] J 
I 
[ r € A ] j 
) + 1 
^ = t 2 s. . = s 0 . 1 1 2 i 
[ E t 1 < S 1 i > = E t 2 < S 2 i > ] 
= max( 1 1 1 = t 2 i , sup | s 1 H = s 9 i I ) + 1 1 i 2 i ' 
r = s 
[ X x r = Xxs] 
= l r = s 
t 1 = t 2 s 1 = s 2 
[ t l S l = t 2 s 2 ] 
= max( | t 1 = t 2 l , [ s 1 = s 2 I) + 1 
r € A s £ Β 
[ r , s € Α Λ Β] 
I I 
= max ( | r e A | , l s € B l ) 
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r , s € Α Λ Β 
[ r € A] 
r , s € Α Λ Β 
[ s € Β] 
= I r , s € Α Λ Β I + 1 
u € A (1) 
r € Β 
(1) 
U u r € A-> B] 
u € A 
r € Β 
t 6 A->B £ € A ' 
[ t s € B] 
= max ( 11 € A - B| , I s € Α» I ) + 1 
r € A 
U x r € VxA] 
I r € Al 
t € VxA 
[ t s € A [ s ] ] 
= max ( 11 € VxAl , I s i ) + 1 
I 
r € A [ s ] 
[ s , r € 3*xA] 
= rnaxdr € A [ s ] | , I s l ) 
s , r € 3*xA 
[ r € A [ s ] ] 
I 
= l s , r e 3*xA| + 1 
One c a n e a s i l y see t h a t w i t h t h i s d e f i n i t i o n we have 
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Lemma 5.1 ( S u b s t i t u t i o n Lemma) 
a. L e t d be a d e r i v a t i o n 
r u € A 
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L r € Β , 
χ be a v a r i a b l e d i f f e r e n t f r o m a l l a s s u m p t i o n v a r i a b l e s ( i . e . 
v a r i a b l e s u.^ i n a s s u m p t i o n s u € A ) and s be a t e r m o f t h e 
same t y p e as χ . Then we can f i n d a d e r i v a t i o n 
f u Ε Als] 
r t s ] £ B [ s ] d [ s ] J 
o f h e i g h t | d [ s ] | < U s l + | d | . 
b. L e t d,e be d e r i v a t i o n s 
f , 
l r € B i - £ € A f 
w i t h A' e q u i v a l e n t t o A . Then we can f i n d a d e r i v a t i o n 
d [ e ] s € A 
r [ s ] € B [ s ] 
o f heiφt | d [ e ] j έ |e I + | d | 
F u r t h e r m o r e i t i s c l e a r t h a t c o n v e r s i o n s by e v a l u a t i o n 
can o n l y l o w e r t h e t h e h e i g h t o f a t e r m . 
The l e v e l LA o f a f o r m u l a A i s d e f i n e d b y L ( r = s ) = L r , 
L (Α Λ B) = max (LA,LB) , L (A -+ Β) = max (LA + 1 , LB) , L(VxA) = 
= m a x ( L x + 1 , LA) and L (3*xA) = max (Lx,LA) . I f ρ^,.,.,ρ a r e 
t h e t y p e s o f A ( c f . § 1 ) , t h e n we c l e a r l y have L p i ^  LA . The 
l e v e l Ld o f a d e r i v a t i o n d i s t h e l e v e l o f t h e f o r m u l a i n t h e 
ju d g e m e n t d e r i v e d b y d . By t h e r a n k Rd o f a d e r i v a t i o n d we 
mean t h e l e a s t number g r e a t e r t h a n a l l l e v e l s o f m a i n p a r t s o f 
p r o p e r l y o r p e r m u t a t i v e l y c o n v e r t i b l e s u b d e r i v a t i o n s o f d . 
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Lemma 5.2 ( R e d u c t i o n Lemma) L e t d be a d e r i v a t i o n 
e n d i n g w i t h an e l i m i n a t i o n w i t h main p a r t c and m i n o r p a r t s 
b ^ . I f Lc £ k and Rc , R b ^ £ k , t h e n d can be r e d u c e d t o a 
d e r i v a t i o n e w i t h Re £ k and I e l £ raax( I d l , ( s u p I b . I ) + I c l ) . 
i 1 
N o t e t h a t i n t h e case o f t h e r u l e 0~ f o r d e r i v a t i o n s 
t h e m a i n p a r t i s a t e r m t , and i n t h e case o f t h e r u l e V 
t h e m i n o r p a r t i s a t e r m s . 
The p r o o f i s by i n d u c t i o n on c . We may assume t h a t c 
ends w i t h a n o n - n u m e r i c a l i n t r o d u c t i o n o r w i t h a c r i t i c a l r u l e , 
f o r o t h e r w i s e we a l r e a d y w o u l d have Rd £ k . C o r r e s p o n d i n g t h e 
t e n l a s t r u l e a p p l i e d i n c we d i s t i n g u i s h t h e f o l l o w i n g c a s e s . 
Case -»"" * ; Then t h e g i v e n d e r i v a t i o n d has t h e f o r m 
Ί r 1 = r 2 I b 
I [ Axr,j = X x r 2 ] s*\~s2' 
[ (Axr^j) s 1 = ( X x r 2 ) s 2 3 
F o r t h e d e r i v a t i o n e t o be c o n s t r u c t e d we t a k e 
r ^ s ^ = r 2 [ S l ] Γ 2 [ Β ί ] = r 2 [ s 2 ] I ^ 
r 1 [ s 1 ] = r 2 C s 2 ] J 
S i n c e L ( A x r i ) £ k we have L s ^ < k . Hence t h e d e r i v a t i o n o f 
r ^ t s ^ ] = r 2 [ s 1 ] has a r a n k £ k , and a l s o t h e d e r i v a t i o n o f 
r 2 [ s ^ ] = r 2 [ s 2 ] has a r a n k έ k . So Re ύ k . F o r t h e h e i g h t we 
o b t a i n b y Lemma 5.1 
I I 
l e i = m a x ( l r 1 [ s 1 ] = r 2 I s 1 ] | , I r ^ s ^ = r 2 t s 2 ] l ) 
I I 
έ m a x ( I s ^ I + I r ^ = r 2 I , I s ^ = s 2 I + I r 2 I ) 
I I 
£ l s 1 = s 2 l + | Γ 1 = r 2 l 
£ I b l + |c| 
126 Η. SCHW1CHTENBERG 
The cases Λ * and 3** a r e t r i v i a l : f o r e we can 
t a k e a s u b d e r i v a t i o n o f d . 
Case 
u € A 
~ I 
r € Β 
(1) 
> [ X u r € A-> B] 
[ ( X u r ) s € B] 
s € A' 
s € A 
r [ s ] € Β 
S i n c e L(A-+B) £ k we have LA < k and hence a l s o L s i < k f o r 
each s^ f r o m s . So Re £ k . From Lemma 5.1 we o b t a i n 
I e l £ I b l + I c l . 
Case V 
r € A 
^ [ X x r e V x A ] 
[ ( X x r ) s e A [ s ] ] 
r [ s ] € A [ s h 
S i n c e L(VxA) £ k we have Ls < k . Hence Re ύ k . From Lemma 5.1 
we o b t a i n |e| £ I s l + I d . 
Case θ"~ f o r t e r m s : Then t h e g i v e n d e r i v a t i o n d has 
t h e f o r m 
f [ E t < S j > = i ] ± ( 1 ) 
[ r € A ] 1 f o r a l l i < ω 
r € A 
F o r t h e d e r i v a t i o n e t o be c o n s t r u c t e d we t a k e 
I H 
s 1 - β 1 β 1 - ! 0 * s 1 ^ s 1 
E t 1 ^ ) = i 
[ r € A ] 1 .... f o r a l l i < ω 
r e A 
r e A 
(1) 
f o r a l l j < ω 
-(2), 
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where t"*",Sj a r e t h e t e r m s e q u i v a l e n t t o t , s _ . u sed i n 
) i s t h e r e s u l t o f a p p l y i n g t h e i n d u c t i o n [ E t < s . > = i ] . I H ( . 
J -
h y p o t h e s i s t o t h e d e r i v a t i o n shown; t h i s a p p l i c a t i o n i s p o s s i b l e 
s i n c e s^ i s a p r o p e r s u b t e r m o f E t<s^> . We c l e a r l y have 
Re = Ο ( n o t e t h a t k = 0 i n t h i s c a s e ) . F o r t h e h e i g h t we o b t a i n 
t 1 = j .. . s j = i .., 
I e l £ m a x ( I t l , s u p [ m a x ( I r € Al ,(sup 
j ~ i E t i < s i ) = i 
3 
[ r € A ] ' 
) + I s . l ) ] ) + 1 
£ m a x ( 11| , ( s u p l b . I ) + sup I s . I ) + 1 
i 1 j D 
£ ( s u p l b . ) + | E t < s j ) | 
Case Τ ; We have two subcases a c c o r d i n g t o w h e t h e r t h e 
l a s t r u l e i n d i s Ο o r . S i n c e b o t h subcases a r e 
t r e a t e d s i m i l a r l y , we r e s t r i c t o u r s e l v e s t o t h e f i r s t one. Then 
t h e g i v e n d e r i v a t i o n d has t h e f o r m 
I 
r = s 
I 
s f = t 
[ r = t ] P i = c * i 
[ E r < p ± > = E t < q i > ] 
F o r t h e d e r i v a t i o n e t o be c o n s t r u c t e d we t a k e 
I H 
I 
r = s 
Er <ρί > = Es <p ± > 
I H 
I 
P i = q ± 
E s 1 <p. > = E t <q. > 
E r <p ± > = E t <q ± > 
I t i s c l e a r t h a t Re = 0 ( n o t e t h a t a g a i n k = 0 i n t h i s c a s e ) , 
and f o r t h e h e i g h t we o b t a i n 
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I e I ύ max (max ( I Er <p. > = Es <p. > I , (sup I ρ, I ) + I r = s I ) , 
ι 1 1 I I 
max ( I E s 1 <p±> = E t <q±> I , ( s u p l p . = q . l ) + I s 1 = t l ) ) 
I I 1 1 I 
^ m a x d r = s i + 1 , ( s u p l b ± I ) + l r = s l , l s f = t l + 1 , ( s u p l b . l ) + I s 1 = t l ) 
i i 
S m a x d d l , ( s u p l b i l ) + I d ) . 
i 
Case 0 f o r d e r i v a t i o n s : Then t h e g i v e n d e r i v a t i o n 
d has t h e f o r m 
[ t - i l 1 ( 1 ) 
. [ r e A] 
• d ) 
r € A 
E l i m i n a t i o n . 
s € Β 
F o r t h e d e r i v a t i o n e t o be c o n s t r u c t e d we t a k e 
I H 
[ r € A ] 1 
\ 
b . 
S € Β 
•Ο) 
s e Β 
I t i s c l e a r t h a t Re £ k , and f o r t h e h e i g h t we o b t a i n 
I e I ύ max ( 1 1 1 , sup (max ( 
i 
[ t = i r 
I 
s € B 
, ( s u p l b . I ) + 
j 3 
[ t ^ i J 1 
l i 
[ r € A] 
) ) ) + 1 
= max ( 1 1 1 , sup (max ( 
i 
i t - i i 1 
ι i 
[ r C A ] 1 
+ 1 , ( s u p l b . I ) + 
[ t = i ] i 
[ r € A ] 1 
) ) ) + 1 
S m a x d c l , ( s u p l b . l ) + sup 
j 3 i 
[ t = i ] i 
[ r € A ] 1 
) + 1 
& max( |d| , ( s u p l b . I ) + I d ) 
j 3 
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Case Ο"" : We a g a i n have two subcases a c c o r d i n g t o 
w h e t h e r t h e l a s t r u l e i n d i s 0~~ ~ o r ->"" . S i n c e b o t h 
s u b c a s e s a r e t r e a t e d s i m i l a r l y , we r e s t r i c t o u r s e l v e s t o t h e 
s e c o n d one. Then t h e g i v e n d e r i v a t i o n d has t h e f o r m 
I 1 
. . . s u = s 2 i ... 
[ E t 1 <S 1 j l> = E t 2 < s 2 i > ] 
[ ( E t 1 < s u > ) p 1 = ( E t 2 <s 2 ±> ) p 2 ] 
For t h e d e r i v a t i o n e t o be c o n s t r u c t e d we t a k e 
I I 
* 1 i = s 2 i P i = P 2 IH 
t^=t2 .... S 1 i P l = S 2 i P 2 / 
E t 1 < s 1 i P l > = E t 2 < s 2 . p 2 > 
I t i s c l e a r a g a i n t h a t Re ύ k , and f o r t h e h e i g h t we o b t a i n 
I I I I 
I e l £ maxdt^j = t 2 l , sup max(|s 1 ip 1 = s 2 i P 2 l , l p 1 = p 2 l + l s 1 ± = s 2 ± l ) ) + 1 
I 1 I I I 
= max(|t 1 = t 2 l , sup max( l s 1 i = = s 2 i l + 1 ' 'Ρ-] =P2^ + , s 1 i = s 2 i ' ^  + 1 
1 I 
έ maxdcl , |bI + sup I s u = s 2 ± l ) + 1 
ύ maxddl , |b| + |c|) . 
Lemma 5.3 ( S t r u c t u r a l Lemma) C o n s i d e r a d e r i v a t i o n o f 
r a n k £ k + 1 e n d i n g w i t h an e l i m i n a t i o n w i t h main p a r t c o f a 
l e v e l L c ^  k + 1 . Then c i s o b t a i n e d b y i n g e n e r a l m u l t i p l e 
u n c r i t i c a l e l i m i n i a t i o n s f r o m an a s s u m p t i o n , f r o m an ax i o m x = x 
o r f r o m a v a r i a b l e χ . 
P r o o f : I f c =z c i s o b t a i n e d b y an u n c r i t i c a l ο Λ 
e l i m i n a t i o n , t a k e i t s main p a r t c^ . I f c^ a g a i n i s o b t a i n e d 
by an u n c r i t i c a l e l i m i n a t i o n , t a k e a g a i n i t s m a i n c 2 , and so 
on. N o t e t h a t a l l have l e v e l s ^ k + 1 . The p r o c e d u r e 
t e r m i n a t e s w i t h a m a i n p a r t c . By c o n s t r u c t i o n c i s n o t 
c η Λ η 
o b t a i n e d b y an u n c r i t i c a l e l i m i n a t i o n . S i n c e b y a s s u m p t i o n t h e 
w h o l e d e r i v a t i o n h a s a r a n k ύ k + 1 , we a l s o know t h a t c n can 
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n e i t h e r be o b t a i n e d by an i n t r o d u c t i o n n o r by a c r i t i c a l r u l e . 
Hence t h e c l a i m f o l l o w s . 
Theorem 5.4 ( E x i s t e n c e o f t h e Normal Form) 
a. Any d e r i v a t i o n d o f r a n k £ k + 1 can be r e d u c e d t o a 
d e r i v a t i o n d 1 o f r a n k s k , such t h a t I cl' I ^  2 ' ^ ' . 
b. Any d e r i v a t i o n d ( o f a r b i t r a r y r a n k £ ω ) can be r e d u c e d 
* * 
t o a d e r i v a t i o n d o f r a n k Ο , su c h t h a t |d I £ e | d | · 
The p r o o f i s b y i n d u c t i o n on d . I f d doesn't e nd w i t h 
an e l i m i n a t i o n c l a i m s a and b f o l l o w i m m e d i a t e l y f r o m t h e 
i n d u c t i o n h y p o t h e s i s . O t h e r w i s e d has t h e f o r m 
c 
" r € A . . . b 
E l i m i n a t i o n . 
s € Β 
No t e t h a t i n t h e case o f 0~ f o r d e r i v a t i o n s t h e t e r m t 
o c c u r r i n g t h e r e i s t o be c o n s i d e r e d as main p a r t c , and i n t h e 
case o f V~ t h e t e r m s o c c u r r i n g t h e r e i s t o be c o n s i d e r e d as 
t h e s i n g l e m i n o r p a r t b . . 
P a r t a : By i n d u c t i o n h y p o t h e s i s we have c 1 , b!^ w i t h 
Re 1, R b [ f $ k and | c ' | £ 2 | c | , | b " J * 2 | b i ' . 
Case 1 : The main p a r t c has a l e v e l Lc ^  k + 1 . Then 
by t h e S t r u c t u r a l Lemma 5.3 we know t h a t c i s o b t a i n e d b y i n 
g e n e r a l m u l t i p l e u n c r i t i c a l e l i m i n a t i o n s f r o m an a s s u m p t i o n , 
f r o m an a x i o m x = x o r f r o m a v a r i a b l e χ . As i n t h e p r o o f o f 
Theorem 3.4 we know t h e f o r m o f c 1 by t h e i n d u c t i o n h y p o t h e s i s 
o f a c l a i m t o be p r o v e d s i m u l t a n e o u s l y : c* i s o b t a i n e d f r o m 
t h e same a s s u m p t i o n , t h e same a x i o m x = x o r t h e same v a r i a b l e , 
r e s p e c t i v e l y , b y t h e same u n c r i t i c a l e l i m i n a t i o n r u l e s , w h e r e 
i n each o f t h o s e r u l e s t h e m i n o r p a r t s have t o be r e d u c e d 
c o r r e s p o n d i n g t o t h e i n d u c t i o n h y p o t h e s i s . We l e t d' be 
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C 4 r € A . . . b | .. . 
— — E l i m i n a t i o n . 
s € Β 
Then we know f r o m t h e f o r m o f d' t h a t Rd' £ k . F o r t h e h e i g h t 
we have 
I d' I = max(lc» I , sup I b! I ) + 1 
i 
£ m a x ( 2 ! c l , sup 2 l b i l ) + 1 
i 
9 m a x ( I c l , s u p l b . I ) + 1 
= 2 l d l 
Case 2 : The main p a r t c has a l e v e l Lc £ k . Then 
we can a p p l y t h e R e d u c t i o n Lemma 5.2. We o b t a i n t h e r e q u i r e d 
d e r i v a t i o n d' w i t h r a n k Rd 1 £ k . F o r t h e h e i g h t we have 
ld» I £ max (max ( l c f I , s u p l b ' I ) + 1 , ( s u p l b ' I ) + I c f I ) 
i 1 i x 
= max( l c ' I + 1 , ( s u p l b ' I ) + lc» I ) 
i ± 
£ m a x ( 2 | c | + 1 , ( s u p 2 l b i l ) + 2 , c l ) 
i 
£ m a x ( 2 l c l + 1 , 2 m a x ( l c l »sjplbiD + 1 } 
= 2 | d | . 
P a r t b : By i n d u c t i o n h y p o t h e s i s we have c*, b t w i t h 
Rc*, Rb* = Ο and I c* I ύ ε , , , I b* I £ ε ,, , . L e t k < ω be t h e ι I c I ι 1 I 
l e v e l o f t h e main p a r t c . Then we c o n s t r u c t t h e r e q u i r e d 
d e r i v a t i o n d* by a k - f o l d a p p l i c a t i o n o f P a r t a t o 
I 
r G A ... b* ... 
~ E l i m i n a t i o n . 
s € Β 
F o r t h e n we have Rd* = Ο and 
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I d * I ύ e x p k ( m a x ( I c* I , s u p l b * I ) + 1) w i t h e x p α := 2 α 
i 1 
£ e x p ( m a x ( e ( c ( , s u p e ) b ( ) + 1) 
< e m a x ( I c I , s u p l b . I ) + 1 
i x 
= c l d l " 
§ 6 R e s t r i c t i o n s on i n f i n i t e d e r i v a t i o n s 
We now want t o impose some r e s t r i c t i o n s on t h e i n f i n i t e 
r u l e s o f Τ . Such r e s t r i c t i o n s a r e n e c e s s a r y , f o r o t h e r w i s e 
o u r s y s t e m w o u l d be u n r e a s o n a b l y s t r o n g . F o r i n s t a n c e , any t r u e 
11° - f o r m u l a , i . e . f o r m u l a o f t h e f o r m V x ( f x = 0) w i t h f 
p r i m i t i v e r e c u r s i v e , c o u l d be d e r i v e d t r i v i a l l y . 
Now w h a t r e q u i r e m e n t s s h o u l d be s a t i s f i e d b y a p r o p e r l y 
r e s t r i c t e d c l a s s o f d e r i v a t i o n s ? F i r s t o f a l l , we w a n t t h e 
r e s u l t i n g s y s t e m t o be e q u i v a l e n t t o t h e f i n i t a r y v e r s i o n o f Τ , 
where we have i n d u c t i o n axioms i n s t e a d o f t h e ω-rule 0~ , and 
c o n s t a n t s f o r t h e r e c u r s i o n o p e r a t o r s o f f i n i t e t y p e s i n s t e a d o f 
t h e i n f i n i t e t e r m s . Second, we o b v i o u s l y w a n t t h a t t h e f o r m a t i o n 
o f n o r m a l f o r m s d e s c r i b e d i n § 5 does n o t l e a d us o u t o f o u r 
c l a s s . 
To f u l f i l l t h o s e r e q u i r e m e n t s we i n t r o d u c e code numbers 
f o r d e r i v a t i o n s . T h i s can be done i n a s i m i l a r way as i t was 
done f o r t e r m s i n § 4 ; hence we o m i t t h e d e t a i l s . However, t h e 
mere e x i s t e n c e o f a code number i s n o t y e t a s t r o n g enough 
r e s t r i c t i o n : t h e t r i v i a l d e r i v a t i o n m e n t i o n e d above o f an 
a r b i t r a r y t r u e IT° - f o r m u l a can c e r t a i n l y be co d e d . What seems 
t o be n e c e s s a r y h e r e i s a r e f e r e n c e t o a f o r m a l s y s t e m , e . g . t h e 
f i n i t a r y v e r s i o n o f Τ , and t o r e q u i r e t h a t a d e r i v a t i o n n o t 
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o n l y has a c o d e , b u t f u r t h e r m o r e t h a t t h i s f a c t i s d e r i v a b l e i n 
t h e f i n i t a r y v e r s i o n o f Τ . 
N o t e t h a t t h e r e i s a p r o b l e m h e r e : S i n c e t h e n o t i o n o f 
a code number o f a d e r i v a t i o n ( o r o f a t e r m ) i s d e f i n e d i n d u c ­
t i v e l y , i t i s n o t i m m e d i a t e l y c l e a r how t h i s n o t i o n i s t o be 
r e p r e s e n t e d i n Τ . To s o l v e t h i s p r o b l e m , l e t us f i r s t a r g u e 
t h a t t h e s e t o f code numbers o f t e r m s i s Π ° . To see t h i s , t h i n k 
o f t e r m s as g i v e n by w e l l - f o u n d e d t r e e s , where a t each node t h e r e 
i s e i t h e r no b r a n c h i n g a t a l l ( i . e . , i t i s a t o p m o s t node) and a 
v a r i a b l e o r a n u m e r a l i s a f f i x e d , o r t h e r e i s a 1 - f o l d b r a n c h i n g 
( c o r r e s p o n d i n g t o t h e r u l e ->+) , o r a 2 - f o l d b r a n c h i n g ( c o r r e s ­
p o n d i n g t o t h e r u l e -» ) , o r an ω - f o l d b r a n c h i n g ( c o r r e s p o n d i n g 
t o t h e r u l e Ο ) . Then any code number u o f a t e r m r can be 
t h o u g h t o f as o b t a i n e d i n d u c t i v e l y by a f f i x i n g t o each node o f 
t h e t r e e c o r r e s p o n d i n g t o r a code number o f t h e c o r r e s p o n d i n g 
s u b t e r m . Hence t h e p r o p e r t y "u i s a code number o f a t e r m " i s 
e q u i v a l e n t t o u h a v i n g s u ch a w e l l - f o u n d e d g e n e a l o g i c t r e e . 
B u t t h e l a t t e r f a c t can be e a s i l y w r i t t e n i n J I ° - f o r m : One has 
t o e x p r e s s t h a t a t any node (= sequence number) η t h e t e r m i s 
l o c a l l y c o r r e c t , i . e . t h a t t h e code number u n a f f i x e d t h e r e 
( u n can be e a s i l y d e f i n e d by i n d u c t i o n on n) and a l l i t s 
p r e d e c e s s o r s u ^ f u l f i l l a r e l a t i o n as g i v e n i n t h e d e f i ­
n i t i o n o f code numbers f o r t e r m s . The w e l l - f o u n d e d n e s s i s t h e n 
o b t a i n e d a u t o m a t i c a l l y , s i n c e i n p a r t i c u l a r l u . ,.x Κ l u I i s 
·* η* \ i / η 
r e q u i r e d and < i s a w e l l - o r d e r i n g . 
S i m i l a r l y , one can see t h a t t h e s e t o f code numbers f o r 
d e r i v a t i o n s i s I i ° . The o n l y a d d i t i o n a l d i f f i c u l t y here i s t h a t 
o u r r u l e s f o r d e f i n i n g d e r i v a t i o n s i n v o l v e t h e n o t i o n o f e q u i v a ­
l e n c e o f t e r m s . Hence we have t o know t h a t t h e r e l a t i o n "u and 
ν a r e code numbers o f e q u i v a l e n t t e r m s " i s Π ° . Now t h i s means 
t h a t t h e code numbers u* and v* o f t h e n o r m a l f o r m s o f u 
and ν ( w h i c h can be o b t a i n e d r e c u r s i v e l y f r o m u and ν ; c f . 
§ 4) code t e r m s w h i c h a r e t h e same up t o a change o f bound 
v a r i a b l e s . B u t f r o m any code number u o f a t e r m one can d e f i n e 
p r i m i t i v e r e c u r s i v e l y a code number u f o f an e q u i v a l e n t t e r m 
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whose bound v a r i a b l e s a r e choosen i n a f i x e d , s t a n d a r d way: e.g., 
a t a node η where λχ ρ i s i n t r o d u c e d (by t h e r u l e use 
t h e v a r i a b l e ζ ^ + ^ i n s t e a d o f x p , where k - 1 i s t h e m a x i m a l 
i n d e x o f v a r i a b l e s f r e e i n t h e t e r m coded by u . Hence t h e 
above r e l a t i o n b e t w e e n u* and v* i s Π ° . 
So we r e s t r i c t t h e i n f i n i t e r u l e s o f Τ as f o l l o w s : We 
o n l y a l l o w a d e r i v a t i o n i f i t has a code number u , and f u r t h e r ­
more i f t h e rt° - f o r m u l a e x p r e s s i n g t h e f a c t t h a t u codes a 
d e r i v a t i o n i s d e r i v a b l e i n t h e f i n i t a r y v e r s i o n o f Τ ( o r e q u i v -
a l e n t l y , i n p u r e a r i t h m e t i c z ) . 
We have t o show now t h a t t h e r e s t r i c t e d s y s t e m Τ 1 . i s 
e q u i v a l e n t t o t h e f i n i t a r y v e r s i o n o f Τ , and 2. i s c l o s e d 
a g a i n s t t h e f o r m a t i o n o f n o r m a l f o r m s o f d e r i v a t i o n s as d e s c r i b e d 
i n § 5. The s e c o n d f a c t can be seen e a s i l y by f o r m a l i z i n g t h e 
a r g u m e n t s i n § 5. F o r t h e f i r s t f a c t , one d i r e c t i o n i s o b v i o u s l y 
t r u e , s i n c e we can embed t h e f i n i t a r y v e r s i o n o f Τ i n t o o u r 
r e s t r i c t e d s y s t e m . F o r t h e o t h e r d i r e c t i o n we use t h e f o r m a l ­
i z a t i o n o f t h e n o r m a l f o r m t h e o r e m o f § 5, as f o l l o w s . 
F i r s t n o t e t h a t a n o r m a l d e r i v a t i o n has t h e s u b f o r m u l a 
p r o p e r t y , i . e . i t c o n t a i n s o n l y s u b f o r m u l a s o f t h e d e r i v e d 
f o r m u l a o r o f an assumption. Here t h e n o t i o n o f a s u b f o r m u l a i s 
as u s u a l , w i t h t h e s o l e exception t h a t any e q u a t i o n r p = r ^ i s 
a s u b f o r m u l a o f s p = s^ ( t h i s i s a consequence o f t h e t r a n s i ­
t i v i t y r u l e T) . Now assume t h a t a code u o f h e i g h t a < G Q 
f o r a d e r i v a t i o n o f a j u d g e m e n t r € A f r o m a s s u m p t i o n s s^ € 
i s g i v e n . We may assume t h a t u i s i n n o r m a l f o r m . Hence o n l y 
s u b f o r m u l a s o f A and t h e f i n i t e l y many B ^ s can o c c u r i n 
t h i s d e r i v a t i o n . So, u s i n g a t r u t h p r e d i c a t e c h o o s e n a c c o r d i n g l y , 
we can p r o v e by α - i n d u c t i o n t h a t r € A i s t r u e p r o v i d e d t h a t 
t h e G B i a r e t r u e , and hence can d e r i v e t h e j u d g e m e n t r £ A 
f r o m t h e a s s u m p t i o n s s. € B . i n t h e f i n i t a r y v e r s i o n o f Τ . 
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§ 7 The Markov r u l e 
As an example o f p o s s i b l e a p p l i c a t i o n s o f t h e n o r m a l f o r m 
t h e o r e m o f § 5 we w a n t t o show now t h a t Τ ( i . e . , f r o m now o n , 
Τ w i t h i t s i n f i n i t e r u l e s r e s t r i c t e d as d e s c r i b e d i n § 6) i s 
c l o s e d a g a i n s t t h e Markov r u l e . T h i s i s t o say t h a t f r o m a 
d e r i v a t i o n o f 3 y ( f x y = 0 ) w i t h t h e c l a s s i c a l e x i s t e n t i a l 
q u a n t i f i e r 3y and v a r i a b l e s x,y o f t y p e Ο (and f a c l o s e d 
t e r m o f t y p e 0,0->0) we can c o n s t r u c t a t e r m .h o f t y p e Ο -» Ο 
(so h d e n o t e s a < e Q - r e c u r s i v e f u n c t i o n ) and a d e r i v a t i o n o f 
h x € 3 y ( f x y = 0) , now w i t h t h e c o n s t r u c t i v e e x i s t e n t i a l q u a n t i f i e r 
3y . 
N o t e t h a t t h e w e l l - k n o w n method due t o [ D r a g a l i n 19 80] 
and [ H . F r i e d m a n 19 78] o f p r o v i n g c l o s u r e u n d e r t h e Markov r u l e 
does n o t w o r k f o r o u r s y s t e m Τ i n v o l v i n g r e a l i z i n g t e r m s . F o r 
t h i s m e t h o d c o n s i s t s o f r e p l a c i n g e a c h e q u a t i o n r = s i n each 
f o r m u l a o f a g i v e n d e r i v a t i o n o f 3 y ( f x y = 0 ) b y 
r = s v * 3 y ( f x y = 0 ) , and o b s e r v i n g 1. t h a t t h i s t r a n s f o r m a t i o n 
does n o t d e s t r o y t h e p r o p e r t y o f b e i n g a d e r i v a t i o n , and 2. t h a t 
t h e d e r i v e d f o r m u l a 3 y ( f x y = 0 ) i s t r a n s f o r m e d i n t o a f o r m u l a 
e q u i v a l e n t t o 3 y ( f x y = 0) . Now t h i s a r g u m e n t does n o t p r o v i d e 
t h e r e a l i z i n g t e r m s we w o u l d need i n o r d e r t o o b t a i n a d e r i v a t i o n 
i n Τ . 
To p r o v e c l o s u r e o f Τ u n d e r t h e Markov r u l e , assume 
t h a t a d e r i v a t i o n d o f 3 y ( f x y = 0 ) o r e q u i v a l e n t l y o f 
* 
~ n 3 y ( f x y = 0 ) i s g i v e n . By § 5 we can assume t h a t d i s i n 
n o r m a l f o r m . We may w r i t e ~ T I 3 y ( r [ x , y ] = 0 ) f o r t h e e n d f o r m u l a 
o f d w i t h r [ x , y ] b e i n g t h e n o r m a l f o r m o f f x y , and 
o b v i o u s l y can assume t h a t χ i s t h e o n l y v a r i a b l e f r e e i n d . 
L e t us f i r s t a n a l y s e how o u r n o r m a l d e r i v a t i o n d must l o o k l i k e . 
I f we f o l l o w a p a t h f r o m t h e r o o t o f t h e d e r i v a t i o n t r e e 
u p w a r d s , a f t e r p o s s i b l y some a p p l i c a t i o n s o f t h e ω-rule Ο we 
must come t o an a p p l i c a t i o n o f -*+ o f t h e f o r m 
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0 = 1 
T 1 3 y ( r [ x , y ] = Ο) 
* 
where some a s s u m p t i o n s ~ 1 3 y ( r [ x , y ] = 0 ) a r e c a n c e l l e d . F o l l o w i n g 
o u r p a t h f u r t h e r upwards we may pass t h r o u g h t y p e - 0 - e q u a t i o n s 
w i t h r u l e s c o n c e r n i n g e q u a t i o n s , o r s t o p a t an a x i o m , o r s t o p 
a t an a s s u m p t i o n t [ x ] = i c a n c e l l e d a t an a p p l i c a t i o n o f t h e 
ω-rule Ο we p a s s e d e a r l i e r , o r e l s e come t o an a p p l i c a t i o n o f 
o f t h e f o r m 
H 3 y ( r [ x , y ] = 0 ) s [ x ] e 3 y ( r [ x , y ] = 0 ) 
2 = 1 
Here we may assume t h a t t h e l e f t hand p r e m i s s 1 3 y ( r [ x , y ] = 0 ) 
i s c a n c e l l e d b y t h e a p p l i c a t i o n o f ->+ we pas s e d p r e v i o u s l y . 
I f we f o l l o w o u r p a t h f u r t h e r upwards t h r o u g h t h e r i g h t hand 
p r e m i s s , a f t e r p o s s i b l y some a p p l i c a t i o n s o f t h e ω - r u l e 0 we 
*+ 
must come t o an a p p l i c a t i o n o f 3 o f t h e f o r m 
r [ x , s [ x ] ] = 0 
s [ x ] € 3 y ( r [ x , y ] = 0 ) 
Now we have an e q u a t i o n a g a i n , and f o l l o w i n g o u r p a t h f u r t h e r 
upwards we may a g a i n pass t h r o u g h t y p e - O - e q u a t i o n s w i t h r u l e s 
c o n c e r n i n g e q u a t i o n s , o r s t o p a t an axiom, o r s t o p a t an assump­
t i o n t [ x ] = i c a n c e l l e d a t an a p p l i c a t i o n o f t h e ω-rule Ο we 
p a s s e d e a r l i e r , o r e l s e come t o an a p p l i c a t i o n o f -» as 
d e s c r i b e d a b ove, and so o n . 
The f i r s t s t e p i n o u r p r o o f o f c l o s u r e o f Τ u n d e r t h e 
Markov r u l e c o n s i s t s i n c o n s t r u c t i n g f r o m t h e g i v e n n o r m a l d e r i -
v a t i o n d o f ~ T 1 3 y ( r [ x , y ] = 0 ) a <eQ - r e c u r s i v e f u n c t i o n h 
s u c h t h a t r [ n , h (n) ] = 0 h o l d s , f o r any η . So l e t η be 
g i v e n . C a l l a node k ( i . e . , a f i n i t e sequence o f numbers) o f 
d an η-node i f k i s i n d and i f a t each a p p l i c a t i o n o f t h e 
ω-rule Ο i n d 
.... r € A ( t [ x ] = i ) . . . . f o r a l l i < ω 
r € A 
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t h e j - t h b r a n c h w i t h j := t h e v a l u e o f t [ n ] i s i n k , 
p r o v i d e d k i s l o n g enough. C a l l an η-node k c r i t i c a l i f a t 
k and a t each i n i t i a l segment o f k t h e r e i s a f f i x e d i n d 
e i t h e r t h e e n d f o r m u l a T I 3 y ( r [ x , y ] = 0 ) , o r an e q u a t i o n w h i c h i s 
f a l s e f o r x = n , o r a j u d g e m e n t s [ x ] € 3 y ( r [ x , y ] = 0 ) w h i c h i s 
f a l s e f o r x = n . O b v i o u s l y t h e b o t t o m node Ο i s c r i t i c a l . We 
d e f i n e a f u n c t i o n g ( n , k ) by α - r e c u r s i o n , α := j d l < eQ , as 
f o l l o w s . I f k i s n o t a c r i t i c a l η-node o f d , l e t g ( n , k ) = 0 . 
I f k i s a t o p m o s t c r i t i c a l η-node o f d , we know t h a t a t k 
we must have t h e c o n c l u s i o n 0 = 2 o f an a p p l i c a t i o n o f o f 
t h e f o r m 
H 3 y ( r [ x , y ] = 0 ) s [ x ] € 3 y ( r [ x , y ] = 0 ) 
2 = 1 
where s [ x ] E 3 y ( r [ x , y ] = 0 ) i s t r u e f o r x = n . L e t g ( n , k ) be 
t h e v a l u e o f s [ n ] ; t h e n r [ n , g ( n , k ) 3 = 0 h o l d s . I f k i s a 
c r i t i c a l η-node o f d b u t n o t a t o p m o s t one, l e t g ( n , k ) = 
g ( n , k* (i> ) w i t h i m i n i m a l s u ch t h a t k* <i> i s a c r i t i c a l 
n -node. Hence w i t h h ( n ) : = g ( n , 0 ) we have r [ n , h (n) ] = 0 . 
O b v i o u s l y t h e above argument can be f o r m a l i z e d i n t h e 
f i n i t a r y v e r s i o n o f Τ ( o r e q u i v a l e n t l y i n p u r e a r i t h m e t i c Z ) . 
Then t h e d e f i n i t i o n o f t h e <ε - r e c u r s i v e f u n c t i o n h y i e l d s 
ο J 
a c l o s e d t e r m o f t y p e Ο -* Ο a l s o d e n o t e d by h , and we o b t a i n 
a d e r i v a t i o n i n t h e f i n i t a r y v e r s i o n o f Τ f o r f x ( h x ) = 0 . Now 
c o n s i d e r t h e d e r i v a t i o n 
f = f x = n u ; h = h x = n u ; 
f x = fη h x = hn 
f x ( h x ) = f n ( h n ) 
Ο 
-
.... h x € 3 y ( f x y = 0 ) .... f o r a l l η < ω 
(1) 
h x e 3 y ( f x y = 0) 
By w h a t we j u s t s a i d i t s l o c a l c o r r e c t n e s s i s p r o v a b l e i n t h e 
f i n i t a r y v e r s i o n o f Τ , and hence we have a d e r i v a t i o n i n Τ o f 
h x € 3 y ( f x y = 0 ) , as r e q u i r e d . 
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